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FOREWORD

This repcrt presents a summary of all activity performed by SPACN,
INC, under Contract NAS8-11314, covering the time period of june 12, 1564
to Juae 12,1965, This work has established the present state of the art for
mass properties measuremen’ in the areas of moment and product of inertia,
center of gravity, and principal axes.

The importance of accurate mass properties measurements to the
performrnce of the Saturn V vehicle has long been recognized by the
Propilgion and Vehicle Engineering Laboratory, as evidenced by earlier work
ir. the field. SPACO, INC,, in performance of the scope of work of this
contract, has extended the original NASA developments to a new level of
accuracy and automation,
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1 INTRODUCTION

i.1 BACAGROUND

Weight and balance criteria have proven to be vital factors in the
successful performance and operation of space flight vehicles, Location
of excess weight becomes geometrically 2 more serious problem in the
upper stages of sgace flight vehicles, Weight and balance estimates must
be made and continuously checked during design, construction, and assem-
bly of vehicles,

Since weight and balance are of prime importance, accurate and
dependable data must be maintair.ed on the center of gravity of each com-
ponent, Data, related to center of gravity, is required 10 assure proper
distribution of weight for efficient vehicular flight performance, Variances
between estimated and actual weights, balances, and/or centers oi gravity
are assured of resulting in vehicles deviating from the calculated course,
Unpredicted forces due to erroncous center of gravity estimates can be
of sufficient magnitude to cause mission failure,

In addition to static weight, balance, and center of gravity data,
other parameters must be knowr to engineer the requirements of sLace
flight vehicles., For componenis having relative motion with respect to the
vehicle it is vitally important to know their moment of inertia, product
of inertia and principal axes, (Items having relative motion tc the vehicle
include: valves, controls, actuators, gimbals, rotors, pistons, pumps,
et cetera.) Data related to components of this type must be extremely
precise because of high speeds and critical environments in which they
operate, The inertial eifects of liquids (i.e. fucl, lox) as compared with
solids of the same density must also be known, Movement of these com-
ponents during vehicle acceleration produces secondary forces such as
gyroscopic couples and coriolis effects, which affects the stability and
response of vehicular flight, Consequently, careful studies and analyses
are required on dynamic components to assure no harmful interactions ox
harmonics develup to cause resonance and/or excessive vibrations.

Taking into consideration the importanc 2 of the above mention .d
critical factors, studies and design of reliable measuring devices has
been undertzken in the feollowing areas:




A, Moment of Inertia

B. Product of Inertia

C. Principal Axis

D. Mass Properties of Liquidse
E,. Center of Gravity

1,1.1 Previous Work in the Field of Mass Metrology: Until the time that
SPACO, INC, began a study in five areas of Mass Metrology, moment of
inertia, product of inertia, principal axis, mass properties of liquids, and
center of gravity, the amount of test, studies, and development had been
limited.

1.1,1.,1 Moment of Inertia: One outstanding piece of work was found in
NASA TN-1114, which had been widely accepted as a significant contribution
to the store of kncwledge on ""additional mass efforts', Developments under
the present contract are extending this work by improved techniques and
processes for measurement of true moment of inertia., A year ago, the
best accuracy attainable was to the nearest 0.1 inelb-secZ, Under the
present efforts of the Mass Metrology Laboratory at SPACO precision
measurements to the nearest 0, 01 inrlb-secZ on components is obtainable,

a full order of magnitude better,

1.1,1,2 Product of lnertia: A survey of available literature shows that
diminutive amounts of work has been performed in the past to determine
experimentally, to an appreciable degree of accuracy, the product of inertia
of a mass about a pre-determined axis,

1.1.1,3 Principal Axis: In the studv of principal axis determination there
also appeared a shortage of up-to-date information available on measure-~
ment systems,

1.1,1.,4 ™Mass Properties of Liquids: In the past, considerable effort has
been made by many p~ople in the theoretical and experimenta! study of
liquids. Studiee have included, viscosity, pressure, flow, baifles, vibration,
acceleration, and many other aspects too numerous to mention. The work

of the Mass Metrology Laboratory, at SPACO, INC,, has been to utilize

a cylindrical tank, oscillating about the yaw-pitch axis using various liquid
levels and various frequencies in the range of 0,25 to 2 cps and to compare
the experimentally determined valucs of moment of inertia with theorevical
values assuming a solid of the same density,
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1.,1,1.5 Center of Gravity: One of the more popular methods of center of
gravity location utilizes a strain gage transducer which measuree the static
unbalance moment created about the center of the transducer. This value,
divided Ly the object weight, yields the distance to the cg. . However, this
system is hampered by the lack of a methcd of determining these measure=~
ments accurately with respect to a reference point on the object. This
method at best can yield cg location to the nearest hundredth of an inch.
The Mass Metrology Laboratory has pursued and developed a method of
measurement utilizing a precision telescope and tooling bar which will
allow the measurement cf objects to the nearest thousandth of an inch.
Advantages of the system are that there is no physical contact with the
object, therefore any type reference point can be used. Another develop-
ment of the Laboratory is the use of a spherical-segment air bearing table
for more precise and more rapid location of center of gravity,

1.2 OBJECTIVES

NASA contract NAS8-11314 detailed five areas where literature
searches, studies, test, and development of methods were to be made,
The following is a brief description of the objectives in each of the five
areas,

1.2.1 Moment of Inertia: The initial investigation was to conduct a series
of tests and experiments orientated toward the ultimate goal of developing
a completely automatic system for measuring mass moments of inertia,
This automated system was to operate in conjunction with a government
furnished 46 inch air bearing device.

The immediate task was to calibrate the device using a series of test
speciinens with accurately known moments of inertia. After calibration,
effczis were to be directed at developing the automatic system,

Transducers were to be selected to accept signals, generated by
moving parts of the system, The output of these transducers would be
amplified and routed to an analog computer. The computer was to be
programmed to solve the differential equations of motion associated with
a swinging damped pendulum, Test results from the computer were to be
processed through a digital converter and printed out on paper, Viscous and
aerodynamic damping, temperature, were to be taken into consideration.

1.2.2 Product of Inertia: A device for measuring product of inertia of
masses about any axis was to be designed, developed, and tested. Moments
were to be measured by sensing loads on a tiltable, rotating table, using
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either electrical transducers or differential air gages. The design specified
that resultant moment signals could be read off directly or fed into a computer
together with inputs concerning table angular velocity to yield product of
inertia in suitable units., The table calibration was to be accomplished by
using masses of known or previously calculated products of inertia and
comparing to readouts from the table and its instrumentation, Adjustments
were to be provided to account for initial errors or null readings.

1.2,3 Principal Axis: These test were to be performed using a government-
furnished three-degree freedom pendulum. This test required a motion
sensing device with necessary computer, A series of test were to be per-
formed to develop a means of determining the principal axis of a body,
These test were to be performed utilizing the spherical air bearing that

was used in conjunction with the center of gravity test, The method used

in this effort utilized a mass, with a known principal axis, placed on the

air bearing with the center of gravity of the mass located near the radius of
the air bearings. This set up is on the principle that oscillating motion
induced about an arbitrary axis (not principal axis) will also produce motion
about another axis. Studies were to be performed to design a means of
sensing this motion and converting this data into the principal axis location,

1.2.4 Mass Propeczties of Liquids: These test were to be performed using
a government-furnished pendulum and container, Mathematical equatiore«
and parameters were to be developed from test results for application to
launch vehicles and space vchicles, An extensive series of tests were to
be made to determine the percentage of fiuid which acts as a solid in
measuring mass moements of inertia liquids, A cylindrical tank closed on
one end by a spherical bulkhead was to be oscillated in an upright position
between two rigid support pillars which contain the bearing assembly, with
hozizontal torsion rods fastened to each side of the container through the
bearings,

Test were to be performed with different levels of liquid with ten
or twelve different fiequencies for each level. Different frequencies were
- *~ be generated by gizing the torsion rods, At the conclusion of these
1‘ tests a series of baffling configurations were to be placed in the tank and
test repeated., Data from these tests were to be used in an effort to
correlate the measnred results with theoretical values,

1.2,5 Center of Gravity: A government furnished three degree fxeedom
air bearing balance was used in locating centers of gravity on irregular
shaped objects, This government furnished air bearing device was a
prototype design utilizing a 10 inch diameter spherical polished steel
segment floating on air., This device was capable of yielding favorable
accuracy, To operate the device the test specimen.to be measured was
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placed on the air bearing device, and leveled at static equilibrium. A
plumb bob, which had previously been set to the exact center of the systermn
was lowered to locate the center of gravity of the test specimen.

Efforts were to be made to refine design of the '""Center of Gravity
Locator' whereby the sensitivity of the system could be changed by moving
a system of weights in respcct to the center of gravity of the system., In
addition the plumb bob arrangement was to be replaced by a vernier thus,
improving accuracy in readout, Compr:hensive tests were to consist of
measuring the centers of gravity on a series of various shaped configurations
with different weights and centers of gravity.

1.3 SUMMARY OF ACCOMPLISHMENTS AND RECOMMENDATIONS
1.3.1 Accomplishments
1.3.1.1 Moment of Inertia
1.3,1.1.,1 Mathematical Basis

(1) The "Period Decay Rate' concept has been developed to a
practical technique which enables moments of inertia to be determined

experimentally to an accuracy of 0, 1%,

(2) A detailed analysis of analytical curve fitting techniques was
made for use in conjunction with the above concept,

(3) Specific procedures have been established for the experiments
performed in the laboratory,

{4) The effects of dead weight, air bearing pressure, and external
air drag on the damping constant of the system have been determined
experimentally,

(5) The effect of environmental temperature on the accuracy of the’
moment of inertia measurement system has been determined experimentally,

(6) The effects of errors in moment of inertia standards and test
parameters on system accuracy have been determined analytically.

1,3.1.1.2 Automated Systems
(1) A prototypc system for measurement of moment of inertia using

a capacitive transducer for motion detection was designed, fabricated,
and tested,

- e o e
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(2) A prototype system was developed for ineasurement of moment of
inertia using an analog computer for real time calculation of the result,

1,3.1.2 Proquct of Inertia

A prototype machine for mzasurement of products of inertia was
designed, fabricated, and tested. The prototype utilizes an instrumented
roiating tilt table and an analog computer to solve for the desired results,

1.3.1.3 Principal Axis

A computer program for calculating the location of principal axis
from measured moment and products of inertia was tested and proven,

1.,3,1,4 Mass Properties of Liquids

(1) A test program to experimentally determine the moment of inertia
of a partially filled liquid tank oscillatiny about its yaw=»itch axis was
performed,

{2) Progress was made on the derivation of a mathematical expression
tor the moment of inertia of the above system, although the solution obtained
thus far is a poor approximation of the experimental results,

1.3.1,5 Center of Gravity

(1) A precision optical system for center of gravity location was
procured, modified and tested,

{2) The government furnished monient detection center of gravity
location system was improved and evaluated.

{3) The spherical segment air bearing system was refined to a
significantly greater accuracy capability than was originally possible,

1.3.1. 6 General Laboratory Improvements

(1) A capacitive transducer motion measurement system was
designed, fabricated and evaluated.

(2) Numerous improvements to the laboratory capabilities were
made by the design and construction of equipment and accessories,
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1.3.2 Recocrnmeuations

As a result of the cxnerience accummulated in this contract effort,
the need for additional researcl in evecific ar2as has become apparent.
These needs are outlined below accerding to the major areas of development,

1,3,2,1 Moment of Inertia

{1) Improvements are needed in measurement vachniques, in the
areas of oscillation period time, amplitude measurement, and diraensional
and mass measurement of standards,

(2) A study should be performed of the potential system errors
created by the torsion rod restoring force, This should include a survey
of torsion rod materials, and developraent of rod calibration instrumentacion,

(3) The effect of all other significant variables on the perforinance of
the torsional pendulum syste n should be dete rmined experimentally,

(4) A mathematical model of the system should be developed in terms
Jf the parameters developed experimentally,

(5) A small commericai electronic digital calculator should be
adapted to the : lution of the developed model, and incorporated into a
high accuracy integrated automatic rneasurement system,

1.3.2.2 Product of Inertia

(1) The basic systermn developed under this contract for me:zsurement
of products of inertia should be further tested to determine the nature and
origin of all errors,

(2) The system should be converted to a digital compution capability,
to improve the potential system accuracy., Thz same basic techniques
could be used, differing only in the naturz of the electrical variables’and
the type of computer,

1.3.2,3 Principal Axis

Experiments should be made to determine the relative performance
of two methods of principal uxis location, These iwo methods are 1.
calculation from moment & products of inertia or 2, location of a nual
point on the product of inertia test machine,
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1.3.24.4 Mass Properties of Liqaids

(1) Further testing with the government furnished tank system is
reguired to determine empirically the parameters which affect the fluid
moment ol inertia. For this effort, additional instrumentation for the
tank system will be required to measure these parameters.

(2) Development of the mathematical model of the system shculd be
continuad along the same approach, with additional emphasis on develop-
ment of a technique to transfer axes of the fluid inartia,

1.3.2.5 Center of Gravity

(1) Further tests of the new spherical segment air bearing cg
iocation system are needed to determine the causes of present errors.

(2) An improvec leveling system for use with the spherical air bearing
table is needed, The present air cylinder system is inadequate.

{3) An improved counterweight systemior the air bearing table should
be designed.

(4) The need exists for a new method of mearking cg points on
objects after they are lo~ated optically, Projection of a mark onto a
photosensitized area of the object is one possibility.

(5) The construction of a spherical zir bearing table and optical
telescope as an integrated system o. one base is recommended,

{6) Improvements to the moment detection cg locator to increane
its accuracy and convenience should be undertaken,

(7) A feasibility study of more advanced and automated techniques
of C.G. location is needed to advance the state of the art of up to a level
comparabie to the inoment and product of inertia machines,

1.3.2,6 General Laboratory Improvements

A study of load measurement techniques shculd be made to determine
the best approach to establishment of a precision load measurement
capability in the Mass Metrology Laboratory.

Y



iI TECHNICAL DISCUSSION
2.1 INTRODUCTION

The research and development work performed during the year was
divided into six major area of effort, with the overall responsibility for each
area assigned to an engineer. Each of these major areas was subdivided into
several projects which were 2esigned to individual engineers according to
the type of work involved. All previously publisked weekly and monthly
progress reports were organized according to this arrangement. The
discussions following are in the same format, making possible reference
back tc individual progress reports when more information is required,

The numerous minor tasks performed during the year which kad nc technical
significance are not included in this repert.

2.2 MOMENT OF INERTIA PROGRAM

2.2,1 Math Basis: The two methods of determining moments of inertia are:
static and dynamic. The static method is accomplished by using standard
moment of inertia formulae and known dimensions and vzights of a specimen.
The dynamic method basically consists of oscillating the specimen about a
given point and measuring its period of osciiiation., This period of oscillation
is ther used in the proper formwla, depending on the system, to calculate

the moment of inertia. Both methods have their advantages and disadvantages,
The ccntrolling factors which determine the method to be used are the size
and shape of the specimen, and the accuracy Yesired, For a regular shaped
homogeneous specimen with known dimensions the static determination

would be the superior method, For specimuens of irregular shape and non-
uniform density the static method would be time consuming, if not entirely
inadequate, thus, the dynamic method would be best, There are several
types of dynamic methods, some of which are; compound pendulum, linear
sprirg system, variable center of gravity pendulum, filar pendulum, and
torsional systems. An illustration of each method and the formula for
determining the moment of inertia is shown in Figures 1 through 5. Each

of these dynamic methods has its advantages and disadvantages which are
mainly determined by the specimen to be measured. Since cur main interest
is in determining moments of inertia rapidly and accurately the most feasible
approach was to use a torsional system which had a frictionless rotatable
table top. This type of top makes for ease in mounting specimens to be
measured, The ideal instrument for this program is the torsional pendulum
air bearing table which has bee. designed, fabricated and furnished by NASA,
After the method of deterraining moments of inertia had been decided upun,

a complete investigation of the system both theoretically and experimentally
had to be performed so that maximum accuracy could be obtained,
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The theoretical approach in determining the moment of inertia by
pveriod measurement is based on the classical harmonic oscillator, Since
the main concern is that of a torsional pendulum, the equations used to
dernonstrate a harmonic oscillator will be those of the torsional pendulum,
The equation of moticn of a torsional pendulum with no dissipational lo-ses
is

16 4 K8=0, (1)
A standarcd solution of this equation yields

w :’\F%_ (27 times the natural frequency), (2)

i2
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or 1= %’.’IE‘. {the true momeat of inertia) (3)

as shown in Appendix Al,

The equation of mgtion of the above systern with viscous damping
proportional to the - elocity is written below:

10 +CO+K8=0 (4)

A solution to this equation is

sct
8=Ae?l gin (gt + @) (5)

2
q =‘\|£I‘- - ff (6)

as shown in Appendix Al.

where

!

Equation 6 gives the frequerncy of oacillation of the damped oscillating
system. In this eouation the damping constant C is reiated tc the frequency
q in such a manner that as C decreases, g approachzs w, shkown in equation 2,

Equation 5 describes cornpletely the damped oscillating system,
However, if only maximum arnplitudes are of concern, these may be obtained
by setting sin (gt + #) equal to unity, The envelope of maximum amplitudes
is then given by

eerZI {n

Equatior § is then obtained by taking the natural logarithm of Equation 7

n@ = Ina - St (8)
21
If y is set equal to 1n9 and InA is denoted by a constant b, Equation 8
has the form .
=mx+b=-St4+b
Yy i » (9)

representing a straight line with slope equal to

. C
.:-.
el
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For a given moment of inertia I, the slope of the line will be proportional to
C. Previous reports have shown that the additional mass effect has a direct
relationship with the decay amplitude. As the amplitude decays, the time
rate at which it decays decreases; therefore, the damping decreases as the
amplitude decreases. This effect is shown by typical experimental data
from the torsional pendulum system presented in Figure 6, The plot of
numter of cycles in Figure 6 is effectively the total time in seconds, A
semi-log plot of the same data is shown in Figure 7. This curve shows that
as the amplitude decreases, the slope of the curve decreases. Amnalysis

of Equation 9 indicates that if I remains constant, a decrease in the slope
will produce a decreas. in the decay constant. As seen in Figure 7, the
decay constant varies during the initial time interval and theun approaches

a fined value., This fixed value is in the order of magnit:de of 10™%, ard

the quantity

A

is in the order of magnitude of 10-®, Since the value of

K

——

I

is in the order of magnitude of 2 to 25, it can be seen from Equation 6

that the quantity q does not differ significantly from the quantity w.
Accordingly, the limiting value of the decay constant was taken to be zero,

This analysis indicates that the true period for moment of inertia determination

is obtained when the amplitude decreases to zero,

The method of experimentally determining the period as the amplitude
decreases to zero is illustrated in Figure 8, The data used here is the
same as that used in Figures 6 and 7 with different parameters, Experi-
mental difficulties occur at small amplitudes, and this is attributed to the
fact that at small amplitudes {approximately 0.001 of a radian) the energies
caused by air currents and building vibrations are comparable to those
of the oscillating torsional system, Figure 9 shows l0-period averages
plotted versus total time, To obtain the pericd at zero amplitude, an
extrapolation must be performed fror: the minimum displacement recorded
This extrapolation ie¢ =’ ..wn in Figure 8 and this is the correct

to zero,
period to use in determining 1 aoment of inertia in the equation
I = KT?, (10)
4
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To improve the results of the period dec: ; method, curve fitting
techniques for analyzing the period decay of ar oscillating system were
inveatigated, A computer program for c».v. fitting by polynominals Las been
obtained and is enown in Figure 10, T}.s program has been used on some
curves to check ite accuracy.

2,2,2 Experimental Apparatus: The expeririental apparatus used in the
moment of inertia determination program consists of the following: (See
Figure 11)

1, Air bearing tzble

2. Torsion rod

3, Photo-cell timing device and associated equipment
4, Displar ement mcasuring equipment

2.2.2.1 Air Bearving Table: The prime instrument which makes possible
rapid determination of mornent of inertia is the air bearing table, Figure 12,
The turntable is supportad by air bearings and represents a spring damped
torsional pendulum which oscillates about a fixed position of equilibrium,

It is supported vertically by a 24-inch diameter thrust air bearing and
stabilized horizontally by a modified AB-9 air bearing,

The thrust air bearing surface area is approximately 250 square inches
and consists of 120 feeder air holes arranged in two rows, The AB-9 radial
air bearing under the center of the table nas a special inner cylindcer which
has a radial air gap of 0,0020 to 0,003v of an iach to prevent metal contact
when the turntable is tilted,

Air is fed through an air filter to the air bearing by way of small
holes drilled in special inserts, The turntable is normally operated at
pressares of 25 pounds per square inch or less for safety reasons, Actual
pressures used may be programmed with load so that a constant air gap
and constant viscous damping can be maintained, Concentric groc.es on
the top of the table aid in centering the test specimen directiy over the
axis of the table,

2,2,2,2 Torsion Rod: The torsion rod material and design was obtained from
previous work performed by the Measuring Msthods Unit at MSFC/NASA,

The circular shaped rod was used so that only pure rotational stresses

would act as torque was applied to the rod, The material used in making

19
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the rods was mild steel, B-1113, This material appenred io be very satis-
factory since nc hysiers s losses were noted, A research effort that might
possibly find a better material or design for use as toraion rode shovld be
conducted to improve the accuracy of the system,

The torsion rods were calibrated by using objects of known moment of
inertia., These standards were five dumbbells. (See Table 1) Dumbbells
A and C had previously beenr used by the Measuring Methods Unit at P&VE
and were later refinished at SPAC®D, INC, to a tolerance of . 001 of an inch,
The other three dumbbells were fa*. .cated at SPACO, INC, and were also
finished to . 001 of an inch, ’

All of the dumbbell standards were recalibrated by the Army Calibra-
tion Laboratory, using the new load cell procedure developed by the National
Bureau of Standards, The procedure is capable of accuracies apprcaching
that of a balance, arnd uses "off the shelf' components, The setup consists
of a load cell, flexures, a hydraulic lift, weight standards, and digital
instrumentation for monitoring the load cells. Basically the technique
consiets of comparing the unknown weight with two standards of approximately
the same weight aiternately, and statistically determining the difference.

A typical procedurc is outlined below,

1. Exercise the load ceil with the load to be measured until stable
readings occur, using the predetermined time cycle. (Exercising is loading
and unloading the cell, a technique found to make the cell more stable,)

2. Three minutes after starting to release the weight (after stability
is reached by exercising) take a zero reading, (Whiie a zero reading is not
used in tha calculations, it is included in this procedure to monitor the
stability of the instrument, )

3. Immediately (but gently) pick up standard weight and read aiter
2 minutes from start of pick up.

4, Release standard and read after 3 minutes from start of release,

5. Pick up unknown weight and read after 2 minutes from start of
pick up.

6, Release unknown and read zero after 3 minutes from start of
release,

7. Pick up unknown and a sensitivity weight that is a bit larger than
the difference between the standard and the unkrown, and read after 2
minutes from start of pick up.

C. B é"-ﬁ;._v
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8. Release and read zero after 3 minutes irom stari of release,

9. Pick up standard and the same sensitivity weight and read aiter
2 minutes from start cf pick up.

10. Releas:= and read zero after 3 minutes from start of release.

This procedure is repeated many times to achieve the desired confi-
dence level. It can be seen that the data produced can be used to determine
2ccurately the difference between the unknown and standard weights., The
results of this procedure used on four of the dumbbell standards is shown
in Table 2, The new weights are believed to be reliable within ¥ 20 ppm.
Calibration of the remaining standards is still being performed,

Table 2 Results of Four Dumbbell Standards

Dumbbell Old ' New
No, Weight Weight
B 112,91 112. 8745
C 182,58 182. 821}
D 198, 81 198. 750
E 261.05 290. 966

These dumbbell moment of inertia standards were then used on the
suspended torsional pendulum to calibrate the torsion rods. A static
method of determining the rod constant was designed and used for the larger

rods because an excessively short period time resulted from the dynamic
system.

2.2,2,3 Photocell Timing Device and Associated Equipment: The photo-
cell timing device for measuring periods has been greatly improved since
testing began., The improvement basically consisted of converting the power
supply from alternating current to direct current, Previously the alternating
current had caused the light source to vary in intensity thereby causing the
photocell to be triggered at random, This random effect caused the period
measurements to be very scattered; therefore, individual period measurements
were meaningless, To correct this unwanted error it was necessary to
change the light source power to direct current so that a constant intensity
could be obtained. The circuitry was madified to provide direct current
from a storage battery to heat the filament of the light source. At the

same time the power to the transistor amplifier was converted to direct
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current to eliminate any transients which might produce erroneous output
pulses, A rheostat was incorporated inte the filament circuit of the light
source to contrcl the light scurce intensity,

2,2,2.4 Displacement Measuring Equipment: The displacement measuring
equipment consists of a 1nirror, a light source and a calibrated scale. The
ruirror is located on the axis of rotation. The light source is refiected from
the mirror onto the calibrated scale. The scale is designzd to rcad angular
displacements directly if the scale is located at 140", The displacement
measurements are recorded manually by laboratory personnel. An automated
method of measurinz angular displacements using a capacitive transducer

has been designed and is described in deta’l in paragraph 2,2.4.1.

2,2,3 Testing Program: Six different studies were performed to determine
the performance of the moment of inertia measurement system. These test
were:

1. Rod Calibration Program

2, Momeut of Inertia Determination Program
3. Table Load and Air Pressure Tests

4, Aerodynamic Drag Tests

5. Temperature Tests

6. Error Analysis

2,2,3.1 Rod Calibration Program: The first series of tes*s was performed
to determine the spring constants of the rods to be used in the air bearing
table, The torsional pendulum apparatus was used with dumbbells of known
moments of inertia, The dumbbells were suspended on ine torsion rods
frov.a the overhead "I" beam, Figure 13 shows the test equipment, The
photocell light timing device and the displacement measuring device are
initially aligned for all systems to record zero when the dumbbell is in its
static position,

The dumbbell was manually displaced to approximately 0,18 of a
radian and released to start rthe oscillation, A Teflon bearing arrangement
was used initially to steady the oscillations, When the dumbbell's maximum
displacement decreased to 0, 15 of a radian, the Teflon bearing was removed
and the first period and the first maximum displacement measurements were
recorded,
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In the first experimenrts the period was recorded every other «ycle,
and the displacements were recorded every 0,05 of a radian wntil the timing
device stopped recording. This method proved to be very time consuming,
especially in plofting data. Therefore, the counter was set to record 10~
period aveiages, and displacements were recorded at intervals of 0,001 of
a radian starting with 0.035 of a radian, Since 10-period averages tend to
eliminate random errors, this data was used. The use of smaller increments
also produccs greater accuracy in the displacement measurements, Since
small displacements are the main concern, nc inconsistencies are introduced
in measuring from 0,035 of a radian instead of 0,15 of a radian. Fi.gures 14
through 17 show the results of a typical period decay test, Figure 17 shows
that the period corresponding to zero amplitude is 1.35570 seconds. The
correct value of the rod constant can now be cilculated using the equation,

K=i*-.';1- (11)

..

where '"I" is a known value, Table 3 shows the results of tais series of
tests using two different rods, Each test was repeated at least five times
to obtain the average period. The exact procedure for this test is shown
in Appendix A3,

2,2.3,2 Moment of Inertia Determination Program: The second series of
tests were performed to determine moment of inertia by using the air
bearing system., The previously calibrated rods were used in the air
bearing table, and the periods were determined by the method of period
decay. The basic equation,

2
1 -.-%?ﬁ. (12)

was used to determine "1". Table 4 shows the repeatability of the system,
Table 5 shows the results of this series of tests, The moments of inertia
of the empty table with the dumbbell adapter was first determined, Later,
various dumbbells were tested to determine their moments of inertia, The
percentage error always remained less than 0.5 of one per cent, but even
greater accuracy should result as techniques are improved, The test
procedure for these tests is shown in Appendix A4,

2,2.3,3 Table Load and Air Bearing Pressure Tests Program: The
performance characteristics of the air bearing table are affected by table

load and air pressure going into the air bearings, To determine these

effects a series of tests were conducted under various table loads and air
pressures. In crder to obtain the effect of table load and air pressure,

other variables must remain constant, One of these variables is temperature,
which was held constantly at 719F, The other variable that greatly affects

the results is aerodynamic drag, This was compensated for by building an

ST , N



1531 Q3AN3dSS G- Ti399WNAa 021 'ON GOy
AWIL TV LOL SA SLNIW3OVIdSIA WNWIXVW 40 1071d 1 3d8N9I4

T

{$37124D 40 ¥IAWNN X SANOD3IS NI A0I¥3d) :
‘ANIL TvioL

oovtL 00zt ooot 008 009 (14 06T

1o

< €0’

S0’

A
o~
o
R T ST TR

PR

L0’ i

o1’
it
[4}

29

143
St”
i’
L
8L’
6L°
oc
i
(44
&7

-

-

174

!
et
atd
(SNVIQVY) “LNIWIIVIdSIa WAWIXVYH

T T C X Lo k.«(.::u.'ﬂﬂlilvﬂ.m!ll..l.!. e - I . |




AWIL TV L0 SA SINIWIDVISIA WRAIXYW 40 107d DIWHLI¥YI0T SL 33Nold
(S3T1DAD 40 ¥IAWNH X SANOI3S NI GOlA3d) i) TVIOL

ooyt A 000t 008 009 (1114 00z

1000°

§000°

100"

30

SO

=
(SNYIQVY) :LNIWIDVIdSIG WAWIXYI

ot’

0L

1
i
]
'
:

L 3



IWIL TVL0L SA G0i43d 40 1071d 91 3NN
{S3TDAD 40 ¥IAWIN X SANODIS NI QOINad) ‘IWIL TVLIOL

00¥1 00zL 0001 008 00¢ oov onz

_ 00£SE°L

oovse’l

0035¢°1

ljl 0095€°1L

0045£°1

31

008s¢°L

aolyad

006S€°1

(SANOD3S)

- oor9g")

—_ 19¢°L
\ o

I 007951

00€9E" L

oov9e"!

00S5€°tL

NN SRR o - -




SLNIWIOVIJSIA WNWIXVYW SA A0I¥3d 40 107d ZL 3¥n91d

(SNVIQVY) 1INIHADVI4SIAQ WNWIXYW

113 143 el (4N 1N ot’ 60’ 80" Fivy 90’ S0 v0° €0 0 10 ]

—+ vt

4+

- - —00rSE°L

[P ] )

V4 0095€°L

90L5E°t

32

T

008s¢e°1

006S€°1
\

N
(SANOD3S) :Q0I¥3d

0009¢°1

oot9et

00z9¢°t

- 00€9¢°1L

00¥9¢°1

_ be_wmom._

A T

b
B




R

Table 3. Rod Constant Determination

Rod Number 120 (0.5 inch diameter x 27. 5 inches long)

Dumbbell Average Period Rod Constant - K
60.931 in. -lb-sec. 2 0.94963 sec. 2667. 383 in. -1b/radian
124.132 1.35570 2666. 350
188.101 1.66900 2665. 858
Average 2666.530 B

Rod Number 28 (0.25 inch diameter x 27. 5 inches long)

Dumbbell Average Period Rod Constant - K
27.500 in. -lb-sec. 2 2.47825 sec. 176.765 in. -1b/radian
6C.931 3.68700 176.950

124.132 3.26440 176 826

188.101 6.47700 !77.012. 1

Average 176.888
33
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Table 4. Repeatability Test Results

Rod Number

120 Air Bearing Table

60 in-1b-sec’® Dumbbell

Test Number Date Temp. Period
482 4-19-65 70 1.02633
483 4-19-65 70 1.02630
484 4-19-65 70 1.02628
485 4-19-65 70 1.02628
486 4-19-65 70 1.02632
487 4-19-65 70 1.02627
488 4-20-65 71 1.02622
489 4-20-65 70 1.02617
490 4.20-65 72 1.02628
491 4-20-65 71 1.02620
Average 1.02627
Standard Deviation .00005

34
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Table 5.

Moment of Inertia Determination Test Results

Moment of Inertia Average Calculated Moment Percentage
of Dumbbell Period of Inertia Error

Rod Number 120

No Load 1 0. 38331 sec i v.924 in.—lb-sec2

60.931 in-lb-sec’ 1.02627 61.057 0.2%

124.132 1.41212 124. 765 0.5%

188.101 1.71655 189.098 0.5%
Rod Number 28

No Load 1.48695 9.907

27.50¢0 2.89094 27.540 0.1%

60. 931 3.97655 60, 945 0.02%

124.132 5. 46950 124. 733 0.5%

- ——ET
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air sixield as shown in Figure 18 that would keep the drag constant as the load
was changed, The loads used were cylindrical weights, weighing approximately
100 pounds each and wer= mounted on the table as shown in Figure 19. The
shield was mounted over the weights so that the outside drag would be ccnstant.
The internal drag was assumed small and therefore was neglected.

The results of the tests are shown in Table 6. The damping constant C
is used to depict the efficiency of the air bearing table. C is obtained from

I6+CHO+K6o=0, (13)

Equation 13 has the solution

9=Ac?l gin(qt+ 9. (14)

If maximum amplitudes are considered Equation 14 becomes

ot
6-ae?l (15)
or
1n9-.-1nA-§iE (16)

where the natural logarithm of Equation (15) was taken. If 1 n 8 is plotted
against t the slope of the curve will be

-C .
21

Now if the siope of the curve is multipled by 21 the quantity C can be obtained,

I is obtained by calculating the moments of inertia of the specimen on the

table top., Figure 20 shows a typical plot of test data. Liastead of plotting t,

the total time, the number of cycles are plotted. The time t is then obtained

by multiplying the number of cycles by the average period, Since the period

is relatively constant this method is justifiable. The slopes of the curves

vrere all taken from 0,002 to 0.001 radians since at this amplitude the system
is most efficient. As an exarnple in Figure 20 the slope of the curve is
0.00329, 21 is 88,978 and C is 0,293, This quantity C represents the efficiency
of the system.

The results of the tests as depicted in Table 6 show in general that
as the loac increases the damping increases and as the pressure increases
the damping decreases, Fur large loads with insufficient air pressure as

DR
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Table 6. Damping Constant C at 71°F For Various Loads and Pressures

10 PsSI 20 PSI 25 PSI 30 PSI 40 PSI
No Loau 0. 246 0.197 0.197 0. 208 0.191
200 # 0.426 0.367 0.319 0.270 -
400 # 0. 469 0. 445 0.435 0.371 -
600 # 0.490 0.508 0. 409 0.474
800 # - 2.702 0.672 0.641 0.588
1000 # - - - 0.653 0. 650
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shown for 800# at =0 PSI the damping is very large. This is caused by the
table dragging on the safety stops. From these test results it is obvious
that the air pressure applied to the table must be programmed depending

on the load, Figure 21 shows a plot of damping versus load for five different
air pressures. The damping constant is relatively low in all cases except
where the table top drags on the safety stops. This small damping Jdoes not;
however, “affect the moment of inertia determination since it is corrected

for in the period decay metliod, The test procedure for these tests is
included as Appendix A5,

2,2.3,4 Aerodynamic Drag Test Program: Aerodynamic drag is known to
have a predorninant effect on measuring moments of inertia, Therefore, a
series of experiments was performed to investigate this effect. The test
program consisted of twelve different tests using four drag configurations
and three different moment of inertia values, The drag plate configurations
are shown in Figure 22 along with their pertinent characteristics, The
moment of inertia of each plate is calculated about is vertical axis, the
axis of rotation, The objects used to change the momenunt of inertia of the
table are cylindrical weights as shown in Figure 23, The characteristics
of the weights are described in Figure 23. The moment of inertia I ;!
is the value that will be used for each weight placed on the table since the ceater
center of gravity of each weight will be located 6.5 inches from the axis
of rotation, Figure 24 shows how the table is confignred during a test,
with weights and drag plate, All tests are performed in the same manner
except for changes in drag plates and weights, The test procedure used
for each test is shown in Appendix A6,

The complete results of vhe test program is tabulated in Table 6A,
The calculated moment of inertias are obtained by adding the moments of
inertia of each component on the table, The moment of inertia of the table
top is 9. 924 in-1b-sec® and the moment of inertia of the drag plates and
weights have previously been described in Figures 22 and 23, The experi-
mental moments of inertia are nbtained by using

1= KT? (17)
i

where K = 2655, 96

The percentage difference is calculated to give a comparison of the two
quantities. The percentage difference of the first three drag configurations
are within the limits of experimental errcr, The percentage difference of
the last theee tests can be attributed to high drag losses and an unstabie
plate mounting, The damping constant is obtained from

19+c'e+xe=o. (18)

41
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26.7"

36.

1"

g 24.0' >

DRAG PLATE - A
| WEIGHT - 5.1 LBS.

2.0 MASS - .013 LB-SECZ/IN
( THICKNESS - .12Z IN )
MOMENT GF INERTIA - .635 IN-LB-SEC
AREA - 576 \N
i
|

39.6'—-»

DRAG PLATE - B

WEIGHT - 49.2 LBS.

| MASS - .128 LB-SEC2/IN
THICKNESS - .092 IN

MOMENT OF INERTIA - 16.678 IN.LB-SEC2
AREA - 1,430 IN2

53.5" . o

DRAG PLATE - C

WEIGHT - 50.2 LBS.

MASS - .130 LB-SEC2/|N

THICKNESS - .125 IN

MOMENT OF INERTIA - 30.986 IN-LL-SEC2
| AREA - 1,428 IN2

FIGURE 22 DRAG PLATE CONFIGURATIONS
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L-6.5"

- 4.45"

WEIGHT - 99.0 LB.

2

MASS - 257 LB - SEC®/IN.

RADIUS - 5.0 IN.

Mrz 2
lge’ = - == 3.209 IN-LB-SEC
2
i 2 sy ec?
lag’ = 159 + ML” = 14.087 IN-L.B-SEC

FIGURE

#3 CYLINDRICAL WEIGHTS
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CYLINDRICAL WEIGHT

~ 6.5

/

~<— DRAG PLATE

CYLINDRICAL WEIGHT

6.5" ——»

4.45"

TABLE TO¥

FIGURE 24 TABLE CONFIGURATION FOR TEST
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Equation 1F is the differential equation which describes the oscillating system
at small amplitudes approxiraatelv ., 002 to . 001 rac:ans. The solutior of
Eguation 18 yieids
Ik _ ¢
BNT - (19)
where $ ic the freouency of the damped oscillating system. The period of
oscillaiion is

T =27, ' (20)

1=K 21)

where

-C -
&K = ———, 22
51 (22)
o is the slope of the curve of the natural iogarithm of displacement plotted
against time. The damping constant can now be obtained by div.ding the
slope ot the curve by two times the calculated value of the moment of inertia,

Equation 21 shows the relationship betwcen I, B and . As B increases,
or the period decreases, a1must decrease at a proportional rate - uch that
I remains constant, TLis =ffect has been verified experimentally and is
shown in Figure 25 and 26, For precise moment of inertia determinations
the damping must be considered in the calculations but for this quantative
analysis it will not be necess~ry, Figures 25 through 32 show tne effect of
different drag cunfigurations on the period decay rzte and the logarithmic
slope.

Upon examining tne decay constants for the various <rag configurations
it is obivious that as the size of the drag surface increases, especially
away from the axis of rotation, the damping constant increases, This
effect is not as obivious with drag plate A because ihe drag effect cnanges
a.e of the ame order of magnitude as the experimental errors,

The results of these tests clearly demonstrate the effect of aero-
dynamic drag on a7 oscillating system.

2.2,3,5 Temperature Tes' Program: The results of the tests to d :cermine
the effect of temperature change on mnoment of inertia determination are

47
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shown in Tables 7 through 10, The procedure followed in performance of the
tests is included as Appendix A6, The results of these tests definitely prove that
that temperature changes affect the air bearing table. To understand these
eifects an investigation of each temperature dependent component must be
undertaxen. The components of the system which are moct sensitive to
temperaturc change are; torsion rod, tes. object, air bearing table,

enviromental air and internal air within the table, These separate items

will be discussed in greater detail,

The averages of the three tests are shown in Tatle 7.

Table 7 Tempexature Effect Test Results

Temp. Difference Period Difference Moment of % Difference
Inertia of
Dumbbell B &
Table Top
67. 1°F 1.02589 sec 70. 8548 in~lb-sec”®
3.1°F 0.00036 sec 0.07
70.2 1.02625 70.9046
7.3 0.00072 C. 14
77.5 1.02697 71,0041

The temperature change seems (o produce a linear relationship in period
and moment of inertia change since the period difference and the percentage
change in monent of inertia approximately doubles as the change in temper-
ature doubles. These differences are small but they must be corrected io
obhtain high degrees of accuracy,

The tumperature change can affect the test objcct in such 2 manrer
that as the temperature increases the object expands; therefors, its
moment of inertia increases because its mass has mgoved further from the
axis of rotation, The cconvs.se is also true tor a decrease in temperature,
This thermal effect on muwinznt of inertia determination is very difficulat
to compensate for since many test objects are composed of ditiereni materiai.
If the cbject is composed of different materials; therefore, different coeffici-
eats of expansion, it will be very difficult to project the moment cf inertia
at one temperature to another temperature, This would require that the
moment of inerua of the test object be determined at the temperature
or temperatures required by the customer,
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Table 8 Rod #120 Air Bearing Table (25 PSI) - 60 in. -lb-secZ Dumbbell
(April 21, 1965)

Average Period
Test No. Temp Cyclzcs Displacement Range Between
{0.002-0. 001 radians)

492 67.1 1280 0.035 -~ 0,001 i.02588
493 67.1 1300 0.035 - 0.0005 1.02586
494 67.1 1320 0.035 - 0.001 1.02593
495 67.1 1320 0.035 - 0,0005 1, 02575
496 67.1 1320 ¢.035 - 0,00C" 1.0258¢
497 67.1 1360 0.035 - ¢, 0n05 1,02592
498 67.0 1380 0.035 - 0.0095 1.02593
499 68,0 1320 0.r35 . 0,0005 1. 062596
500 67.8 1480 0,035 - 0.0005 1.02597
501 68.1 1400 0.035 - 0,0005 1,02587
502 68,0 1380 0.035 - 0,0005 1.02589

“verage

Temperature €7.1 Average 1.02589
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Table 9 Rod #120 Air Pearing Table (25 PSI) - 60 in. -lb-sec? Dumbkell

(April 19-20, 1965)

Test Temp Cycles Displacement Range Average Period
482 70 1320 0,035 - 0,0005 1.02632
482 70 1280 0.035 - 0,0005 1.02630
484 70 1320 0.035 - 0.0005 1.02628
485 7¢ 1300 0 035 - 0.00u5 1.02628
486 70 1280 0.035 - 0,0005 1.02632
487 72 1300 0.035 - 0,00 1.02627
488 71 1340 0.035 - 0, 0ng5 1.02622
489 70 1320 0.035 - 0.0005 1.02617
490 70 1300 0,035 - 0.0005 1.02628
191 71 1300 0,035 -~ D,0005 1,02620
Average 70C.2 Average 1.0z625
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Table 10 Rod #120 Air Bearing Table (25 PSI) - 60 in. -!'b-sec? Dumbbell
(April 22, 1965)

Test No. Temp Cycles Displacement Range Average Period

503 76.5 1260 0.035 - 0,001 1.02699

504 77.1 1220 0.035 - 0.0005 1.02689

505 77.1 1260 0.035 - 0.00C5 1.02693

506 77.¢% 1306 0.035 - 0.0005 1, 02696

507 77.7 1260 0,035 - 0.0005 1.02707

508 77.9 1180 0.035 - 0.0005 1.02716

509 78.5 1340 0.035 - 0.001 , 1.02686

510 77.5 1420 0,035 - 0.0335 1.02690
Average 7.5 Average 1.02697
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The rod constant is also affected by temperatur-e change since the
rod changes shape as temperature changes. The ro. constant is calculated
from

4
= Gr (23)
2L

where G = Modulus of Rigidty
r = Rod Radius
L - Rod Length.

From this equation it is obvious that K would increase or decrease depending
on how fast r* or L increased or decreased. Calculations have proved that
K will decrease upon temperature rise since L is so much greater than r,
even with r raised to the fourth power, Since K decreases the moment of
inertia will appear to increase because the periods ge: larger, The converse
is true for a temperature drop, The error can be over come by calibrating
the rod and table at known temperatures.

The remaining items that might be afiected by temperature change are
the air bearing table, environmental air and the internal air in the air
bearing. These items are affected very little by temperature change and
any change they do have can be calibrated out at the same time the rod is
being calibrated at various temperatures.

In conclusion, this test prograrm has proved that temperature does
definitely ztiect the determination of moments of inertia. The effect is
relatively small and can be compensated for by calibrating the system at
different temperatures,

2,2.3.6 Error Analysis: The error analysis presented here consists of
determining the effect of different variables on the total moment of inertia
of the object, This analysis is accomplished by taking the total derivative
of the equation used in determining the moment of inertia and calculating

dTI- x 100 = % error (24)

to determine the percentage error of the total system., The equation used in
determining moments of inertia is

3
I-= .__,55;‘ . (25)

60

i,
$omeen -

Fabe s
rerea vep

e oRT
e

A mna



The variables to consgider are the rod constant K and the period of oscillation
T. The rod constant determination depends upon

3
K = 472 f~ (26)

which is the same as Equation 25, i{u Equation 26 the period is determined
experimentally, and the moment of inertia I is determined by mathematical
calculations using measured dimensionas from dumbbell standards, The
period in Equation 25 is determined expevimentally in the same manner as
the period in Equation 26,

The first step in the error aralysis is to determine the effect of mass
and length tolerances on the moment of inertia of the dumbbell standards.
The dumbbell configuration and dimensions are shown in Figure 33 and
Table 11; and the moment of inertia calculation is as follows

M; = Total Mass,

APSumeDA:DB=D. hA=hB=h, RA:RBzR'

- M .
p = ; 2
Vv, density; (27)

where 3

V= l%_.h (28)
and 2

V= 1’_‘?1;_15 (29)

. D°h

M, =pV =M 30)

Mo P tQDzh T D°h (

and a
D¢ h,
M.=M _.TL.G__._.._ 31
c - Tt <2D h + D3 hc> (31)

2 3
1=M (2 4B (32)
16 12
and TERY (33)
I = Mg(2¢ 4 be
¢ CQé 12,

Iotal = L ¢ My RY + L+ My R§ + L = 21+ 2MiR® + L
(34)
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(=gt \(2D*h D7, n ha + R? + D2h | DE h“-] (35)
fotal (zn h + Deng )( 1% he
Since
Lioata1 =£(Mt, D, h, he, D¢, R) (36)

the total derivative of jtotal must be taken with respect to M,, D, h, h,
Dc and R,

Therefore, the total differential for moment of inertia ot the dumb-
bell where

I: £f(Mg, D, h, he, D, R) (37)
is

ar = 31

dM¢+ 9L aD+ 9L gn+ 3L an.+ 2L dp. + SL 4R,  (38)
M, R

3D 3h 3h, 3D,

Using

=M, (20°h + D2n)~) (20fn 2 4 B2 4 R?| 4 Din, [2E 4 BEl)(39)
- Mt + Deh) 6tz PR v Dk 1Ry )
the partial derivatives of I become:

ol _ 2 2, =1 f2 ° . n? 2 2 P.z l‘.g

M, (DR + Dehe) ™ (2D"h g + 73 + RTY + Dche 19 + 13| ) (40)

3l 2 2, w2 b? ., |D§ | h§
35 = M (2D°h + Dghe)’ (4Dh)(Dh F—- 12+R] Dilc |T¢ + 7

'ase

3 ]
+ M, (2D°h + D&h.)" (D°h + [;.L + h— + R® 4Dh\ (41)
4 116 }
SL - M, (2D? 21 -2 53 2, |D? N 2 Dc __;__
= t (2D°h + Dfhe)"“ 2D% (2D°h | + +R + DZh, +
-1 (D°n® [D?
+ M, (2D?h + Dhg) ( 2 2., R®}2D? 42
: + ¢ he 3 +17g + 12+ (42)
| g 3
3l = 2 3, \=2 3 a, |D? i 2 3 D¢  he
She M, (2D%h + Dghe)™® D¢ {2D°h 16 * 1 + R |+ Dche 7 + 713
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3.2 < 3

-1
+ Mg (2D?°h + DZh)

3 . -2 o SO 2 2, |DE hi
== * M, (2D°h + Dih¢)™“ 2Dche (ZD"’h [_1_6_ S+R + D2h, 1’(5*?52'

3D,
3 3 2

+ M, {2D*h + DZh)™! (Egﬁ + []l—)g + %] ZDchc> (44)

31 _ M, (2Dh + D2h,)"~! 4D?hR (45)
3R ohel <

The Computation Laboratory at NASA prepared a computer program
and obtained solutions to these equations. Figure 34 shows the computer
program, and Figure 35 shows the solution print out using data from Table 11,
Table 12 shows the results of the partial devivatives in Equations 40 through
45 where the data in Table 11 has been used, Table 13 shows the change in
moment of inertia dI for various tolerance of dM;, dD, dh, dhs, dD; and dR,
Data from five different dumbbells is shown.

The change in moments of inertia dI as shown in Table 13 was used
to determine the change in rod constant dK. Equation 46 is used to evaluate
dK, The total derivative of K where K = { (I, T), is

dK = 9K_ar+ 3K gt (46)
31 3T

Partial derivatives of K are

K - 47 47

I 47
and

3K _ -87° 1

o8 - 48

2T TS (48)
Now

_ 4 ar I '
dK-..F dl + L dT. (49)

The positive sign is used for maximum error. The sample values used
are from data obtained from the suspended pendulum tests., Table 14 shows
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Table 11 Dumbbell Dimensions

Dumbbell A B C D E

Dy 5.938125 6.3759> 6, 6268125 10.0012 9.998166
Dy 5.938125 6&.375325 6.6266875 10.001225 9.9973
D¢ 0.981333 1.94658 1. 94905263 1.9850 1.95384
h, 4.500125 5.00015 8. 4420 3.8749 5.9940
hB 4,.50025 5.000025 8. 4420 3.875275 5.993625
he 19.502875 25.99995 20.05775 28,269575 26.005125
R, 12.00168 15.49999 14. 2496 16, 07302 15. 99774
Ry 12.00138 15.50005 14.25014 16.07302 16.00120
M 0.19442 0.29274 0.49117 0.51547 0. 75463

FIGURE 33 DUMBBEL.L CONFICURATION
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EX

Nl

DIMENSION DI(3)sDEL(3)
J=0

SRR IReBO - - e e e A
DEL(Z)m4ql : ) @
DEL(3)mq i i
READ 24yDyUCsHIHCyRWT
FORMAT(BE(Qeb)

PARI®2 ,0)aDen+UCeDCeRC .

—RARLEBUSD L DobbMV L2 ebuaR IS — -
PARI=DCaUC/10etHCORC/ 12, :
DIWT=(2,0UnleHePARZ+UCaDLeRCePARS) /PAR
OIDI=((2, OD-HDPARZ*ULODFQHCGPAR3JONT-a.QD¢H)/(PARIﬁpﬂﬂl)
DID2®((DsDolan/4s+PAR28U.sDoH)aWT ) /PAR
D10=UuIVI4DID2 .

~DiHle( (2 wDaluHePARL+UCODCANCaDARI ), sleloWwT) /(PARIMRARLY " -
NIHZ=( (DoDoHeH/34+PAR2%Z,4NaDYeWT ) /PAQ] ’
DiHaDIH | +QIH2 B
DIHLIm((2eulaberepAK2+4DCeDConCoPARI)eNCaDCsWT )/ (PARI®PRD )
NIHE28((DCaDCarCeHC /o, +DCoDCaPARI)ewly/PARI
NIHC»DIHC I +D1HCE . :

~l e (e alalinaRARQALCalCamCoRAKI )0 28 UCAMCOWT )/ LRARLORARLI o oo e
NiDC2=((DCoDCoDC®HC/B+PARIC2 4o UCHHL ) nWT)/PARI -
DIDL=DILCI+LILL2
UIR® (4 eapeDernsRenwT) /PARI ) co
90 5 I=y,3 ’ o e
ol(l)-DEL(l)¢(UINT’DID*DIHODIHC¢DlDC*OIR) , TS

—RRINL Dy UlwTeLl0p Ul H DIMC DR U L e e "
PRINT 203 (DELCI)»DI(1),1m1,43) o
PRINT 3CyDelCsHMCoRywT .
FOFMAT (IXy3H Umk 20010y INLCEE20010y)3H HREPO4 10/ 1 Xy dHRCRE 00 10,3H R 5

126200109 3HWTHE20410) L
FORMAT (IHOpiXy7H DIWTa £20¢109)0H DIiUw E206109bH Dire hZUoIO/?Xv s T '

AL HC A L0002 UIUCa £ 20-ot-O0pBHD R §20, 40— — —_ ’

FORMAT (IXebrt DEL®™ E2041095H DI® E20s1n)

Jage|

TFLU=9)149343

STOP -
ENU

i

FIGURE 34 EQUATION SOLVING COMPUTER PROGRAM
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Table 1? Partial Derivatives of I

Dumbbeli A B C W E

a1 0.36672 0.53967 0. 3059 0. 5345 0.o4015
aMt

31 10. 84618 21.38828 33.14892 27. 37601 4) 85511
3D

-3 1:.94154 2i.54538 22. 09400 5922627 60.50154
3h

A 0.13178 0. 82883 0.€7539 1.91005 0.92912
chc

21 3.83598 15.54467 10. 7627% 20. 0995 18.02619
s D,

al 4. 40619 7.30479 12. 69358 14. 48849 22.29767
3R
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Table 13 Tota! Differentials of I for Various Tolerances

dl dN& 1D dh dhc dDC dr % Error
Durnhbkell A 0. 33482 G.16 G0} .01 0.0l u. 01 0.0} 1.26
R . 7201 v - v " " 1.18
C 0. 947 1.02
D V2844 ” ” ” . 1.053
b8 i.3013 - - - ” 0.79
X [TUSE 0.1¢ 0. 061 0. 00 0.00; ¢.001} 0. 001 0.25
o a2.1032 - - - - ’ - U iv
C 0.1403 0.15
D 0. 1846 C.14
E 0.2082 0.1
& . 2548 0.0:0 ~_ 00! G. 001 0.00; 0.001 0.501 0.13
B 0.0720 - - - - . : 0.12
C 8. 004y 0 10
3 0.:284 0.1
E 0.1501 0 Cs
A 0 0315 0.601 [ VI 0.001 G. 00! 0, Jul 0.001 0.11
B 0 Go72 " v - " ’ - 0.1t
C 0 0902 0.:0
D 0.:228 " 09.19
F. 5.1443 " ” . . 0. 08
A 0.00346 0.90i 0.000; 06.0001 0.0001 c 00601 0.0001 0.Gi2
B 0.00720 - ” " " " - 0.0i1}
C 0. 90948 ” o * o 0.010
D 0.01284 v " o B " " 0.010
i 0 01502 T * * " ” ” 0.007
A 0.003i5 0.000! 0.0001 0.0001 0.0001 0.0001 0.0001 0.011
B3 0.360672 " ” " - ” to 0.011
* C 0. 00902 . o " " G. 009
D 0.01228 " ' o ’ " " 0. 609
& 0 01443 ” o o ” " 0. 007
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T-ble '4 Effect of dI and éT on dX i:n Suspended Pendulum

Rod Calibration Test.

Suspenced Pendulum Test Duinbbell C Rod #120

I=60.9368

T = 0.94968

(37

K 4
= = 43,7728
I T

w ¥
=

|

=.%§;£ = 5616. 854

o
-]

dK - {43.7728) d1 + (5616. 854) dT

dK dI
43. 3896 1.0
27.5033 0.5

9. 994! 0.1
4. 8156 0.1
2.7501 0.05
2. 2447 0.05
0. 9994 0.01
0.4938 0.01
0.2750 0.005
0.2245 0.005
6. 0494 0.001
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the results of these calculations.

Using the valu=s of the change in rod constart dK and the change in
period 4T, the total chenge in the moment of inertia dI can be determined.
Usimg Egvanion 25 the total derivative of I where I = f (K, T) is

ar= 2L gk 4 3L 4T, (50)
oK 3T

Partial derivatives oi I are

% 61
and
Now
di = 1:2- dK + X1 o, (53)
4 2T

Sample values used are from data obtained from the suspencied pendulum
tests, Tabie 15 shows the results of thesc calculations,

The results of this 2rror analysis shows how specific variables affect
the final accuracy of the moment of inertia determination. Figure 36
graphically shows the results of Table 13. The effect of dM¢ and dL, the
change in length maeasurements, upon the dumbbell moment of inertia change
¢l for five dumbbells is shown. The solid curves shovs that for d1L. = 0,001
the increase in accuracy of the mass measurement dM¢ does not significantly
increase the accuracy cf the moment of inertia dil, Howevcr, the increase
in accuracy of the mornent of inertia dI is significantly improved by
increasing the accuracy of dl.

Figure 37 graphically shows the results of Table 14, The values
dT = 0, 0001 and dI = 0,1 are typical of the values that are obtained preseantly,
From these curves it is noted that an increase in the accuracy of the
dumbbell standards dI would increase the rod constant accuracy dK more
than an increase in period accuvacy dT.

The results of Table 15 is shown graphiczlly in Figure 38, Again
the effect of the rod constant accuracy dK is much more important than
period accuracy dT. The present accuracies in moment of inertia deter-
mination are approximately 0,05% as shown in Figure 38, This figure is
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Table 15 Effect of dI of Standard and dK on dT

Suspended Pendulum Test Dumbbell C Rod #120

T =» L. 94968

X - 2667. 383

a7 2

~a—;\:-a—"v~> = 0,0284
I _ KT "
3T “27@ ° 128. 332

dI = (. 02284) dK + (128.332) dT

a1 dK 4T
1.270? 50 0,001

0. 3567 10.0 0.001

0.1784 5.0 0. 0005

9.1270 5.0 0. 0001

0. 0585 2.9 0. 0001

0. 0357 1.0 0.0001 (10~%)
0.0127 - 0.5 0. 00001 (103)
0.0115 0.5 0.000001 (10°9)
0. 0024 0.1 0.000001 (10~
0.0013 0.05 0.000001 (10~%)
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%Error

2.08%

0.21

0.096
0.058
0.020
0.018

0.003
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obtained from a di of 1.0 and a dT of 0,0C01, To obtain anr accuracy of
0.01% the present accuracy of dK and dI must be increased by an order of
magnitude; but, dK is still the prime factor,

2.2.3.7 Conclusions: The experimental test program has proven that the
torsional pendulum air bearing table is a very accurate and efficient method
for determining moments of inertia, The error analysis has shown what
accuracies in moment of inertia determinatior can be obtained for ccrtain
accuracies in period and rod constant value, Presently the period mea-~
surement appears to be sufficient but an increase in the accuracy of the
rod constant value by a factor of ten will increase the overall moment of
inertia accuracy to approximately 0,01 of one per cent. With these
capabilities in the basic system other variables can be easily calculated
out or compensated for. Some of these variables were investigated, such
as temperature, aerodynamic drag and table load. The moment of inertia
of an object will have to be given at a known constant temperature because
the mcement of inertia of an object is temperature dependent. This is

true because an object will change shape depending on the thermal coeffici
ents of the material in the object, The thermal effect on the table can be
corrected at different temperatures, The a2rodynamic drag will be com-
pensated for by using the period decay rate of an oscillating system to
determine the true moment of inertia. The effects o various loads on the
table has been investigated experimentally so that the optimum air
pressure can be applied to the table to provide the best table performance.
Since all variables can be compensated for, the accuracy of determining
moments of inertia on the air bearing table can be increased to 0,01 of
one per cent without much difficulity,

2,2.4 Automated Systems Development

2.2,4.1 MIA Prototype Development

2.2.4,1.1 Technical Discussion: Various methods of nccurately determin-
ing the moments of inertia of physical bodies have been investigated. The
decaying oscillation method employing a gas bearing supported torsional
pendulum appears to hold the most promise at presert, In use, the pendulum
is given an init:al angular displacement and allowed co oscillate down to

zero amplitude. The idea is to measure (or matheraatically determine) the
period of oscillation ».s the amplitude approaches zero. Knowing the period
and the torsion rod constant, the moment of inertii can be determined from:

KT?
1=K (54)
ir
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2.2,4.1.2 Procedure

2,2,4,1.2,1 Photocell T~ansducer Method: In order to measure the
oscillation periods without affecting the oscillating system, two methods

of detecting the oscillations have been investigated in the laboratory, One
method involves the use of a photocell to detect the motion of a small wand
attached to the oscillating mass., This method ha3s proved quite successful,
to a point, and is presently being used as a reference,

2,2,4,1,2,2 Capacitance Transducer Method: The oscillation detectinrg
method using capacitance tranducers has also been investigated in detail,
This is the method with which we are most concerned, In the MIA proto-
type, one plate of a capacitor is attached to the oscillating system. Motion
causes the capacitance of the capacitive transducer to vary. The capacitor
is connected as part of an oscillator tank circuit, Motion produced in the
capacitive transducer results in frequency modulation in the oscillator
tac'k circuit,

2,2.4.,1,2.2,1 The Prototype Capacitor: In the original system, the
capacitor's movable plates were mounted on one end of a plexizlass arm.,
The cther end was attached to the free end of the tcrsion rod., The fixed
plates, along with the other oscillator components, were mounted in a
metal box having an opening to aliow ihe capacitor's plates to mesh,

This arrangement was subject to vibrations and was not well shielded.
It required disassembly ecach time the torsion rod was changea. To improve
on this arrangement, a cylindrical capacitor was built,

2.2,4,1.2,2,2 Cylindrical Capacitor: The transducer, with which this
report is primarily concerned, consists of al=minum plates which are
cylindrical segments mounted co-axially vith the torsion rod as shown .n
Figure 39, The movable plate, which is electrically floating, is mounted
to the torsion rod's upper support. This arrangement makes it unnecessary
to remove part of the cupacitse wien torsion rods are interchanged, The
other oscillator components have been removed from the capacitor housing
and relocated on the chazsis with the other circuitry, A padding capacitor
is located on the canacitor houring to previde a means for adjusting the
oscillator's center frequency, Although the shielding is much better than
with the prototype capacitor, some detuning is noticed while adjusting the
padder,

2.2,4.1,2.3 Revised System: A block diagram of the r.vised prciotype
system is shown in Figure 40, The capacitance transducer is in the tank
circuit of the 4,5 megacycle L-C oscillutor so that the pendulum's
oscillations cause frequenvy modulation of the cacillator's output voltage.
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The 4.5 megacycle ceatexr frequency was chosen on the basis of resolution
and component availability, The output from the oscillator is amplified
and fed to a frequency discriminator., The output waveform from the
discriminaror is a replica of pendulum motion, This output is repetitively
amplified and clipped to -aise ihe rise time after which it is differentiated
tc produce aliernating pusitive and negative pulses. These pulses represent
the zero crossing points of the oscillations. The positive pulses are
attenuated, leaving one negative pulse per oscillation. These negative
pvlses are scaled down by a ractor of two by the monostable multivibrator
to provide a sguare wa e gating voltage for the decade counter. The
duration of the gating voltage is equal to the period of oscillation of the
pendulum, The gating voltage occurs every other cycle, thereby allowing
time for the counter to be read, Electrical schematics of the system are
located in Appendix A8,

To compare the accuracy of the revised system to the photocell
meti.od, eight tests were run. The tests were randomized to minimize
setup variables.

Three torsion rods were used and mass was adried to the table to
make the periods approximately 1,2, & 3 seconds for each rod, {The 3
second test was inadvertantly omitted for the 1/4 in, dia. rod) A trial
run for each test gave the approximate starting amplitude necessary to
produce 200 cycles before the readout became erratic, The test data is
given in Table 16, ani the test procedure is contained in Appendix A9,

2.2.4.1,3 Test Results: Test data reveals that at locw amplitudes the
period measurement can be relied on only to three significant figures with-
out averaging. This is due to noise which is experienced at these low
amplitudes. This is caused by the inability of electronic equipment to
accurately determine zero crossover of low ampilitude sine waves.

The scatter pattern in some of the tests suggests some periodic
disturbance. Plots of tests No, 1, 7A, & 8 are included for reference.
(See Figures 41, %2, and 43) The plot of test No. 7A, a repeat of test
No. 7 run at a larger amplitude, shows this periodic disturbance. Plot of
test No. 1 also indicates periodic disturbances even though the test was
at a lower amphitude, Although test No, 8, typical of the low amplitude
tests, clearly shows a large disturbance, it doesn't appear toc be periodic.
The periodic effect can possibly be attributed to 60 and 120 cycle hum
components, although this could not be definitely determined. These
components can be observed on the voltage waveforms when the mechanical
amplitude becomes very low,
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A look at the mean error curves shows quite an increase in error near
2 cycles, the largest error being 0. 08%. No explanation has been found for
this effect,

2.2,.4.1.4 Conclusions: In view of the results presently obtainable with the
two niethods, and in consideration cf the relatively small amount of equip-
ment needed with the shotocell method, it appears that it has the greater
promise for improvement. The capacitance method, however can be
improved considerably,

2,2,4,1.5 Recommendations: The sensitivity of thc capacitor transducer
can be increased by reducing the plate separation. Another increase in
sensitivity can be had by reducing the transducer's shunt capacitance which
at present is perhaps 10 times that of the transducer. This would raquire
relocating the oscillator into the transducer housing and using a variable
tank inductance for tuning, thus eliminating the cable capacitance and
padder now being used. Mechanical rigidity of all oscillator components is
essential. Another increase in sensitivity can be obtained by using a narrow
band F.M. detector. A limiter stage ahead of this might be desirable.
Better hum filtering techniques should als» be investigated such as inter-
stage decoupling and D, C, heater supply, along with shielding techniques.

All of the above measures would increase the signal to noise ratio.
It might also prove helpful to consider transistors rather than tubes, to
reduce the likelihood of microphonics,

2.2,4.2 MIB Prototype Development

2.2,4,2,1 Problem Definition: A major objective of the contract efforc is
the design of a mechanical/electrical system capable of autornatic and
accurate determination of moment of inertia., Before a design was finalized,
a feasibility study was made with an analog prototype, to ensure that the
final product performs the anticipated function. In this feasibility study,
new e~uipment design was minimized, forcing the engineer to optimize the
use of available equipment in an attempt to conserve time that could be used
for developing the final product,

The heart of the new design is an air-bearing table that is forced to
oscillate by means of a torsional rod attached to the table and placing an
initial displacement on the table (Figure 45), This equipment satisfies the
basic pendulum equation. Instrumentation of the table was used to study
the damped sinusoidal output for determination of the-moment of inertia of
the object under test,
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The tests performed using thic table were accomplished in a tempera-
ture and humidity controll>d environmeont, The air-hearing table exhibits a
minimum of frictional forces and extreme care was exercised in the manu-
facture of the torsion rods. These precautions ensuredthe accuracy and
repeatability of measurements,

Labc¢ -atory determination of K (torsional rod factor) was made by
using the air-bearing table with a laboratory standard for moment of inertia.
Oscillatory periods of time were measured with a counter-timer unit and
associated photocell detection device and collimated light source, Detection
of the zero-axis-crossing of the oscillating table was made by breaking a
light beam (by a wand attached to the table) that is incident to the photosen-
sitive surface of the photocell, When the light beam is broken, a change
of bias is noted in a transistorized amplifier creating a trigger, which
excites a bistable multivibrator circuit; this, in turn, starts or stops
the counter. This method of measuring an oscillatory or rotating period
of time is well recognized as standard.,

2,2,4,2,2 Problem Solution: The proper utilization of available signals
and equipment permitted the computation of the moment of inertia through
the equation, I = Kt?, No attempt was made to determine additional me<s
effects, which include aerodynamic ‘and minute drag of frictional losses
encountered by the table, Compensation for the additional mass effects
would have complicated this study beyond the feasibility phase but in the
final design of the device, compensation will be made for mass effects,

The calculation of the moment of inertia through the equation I = Kt®
was performed by an analog computer utilizing a voltage analogous to the
function t, An established method of simulating a lirear function of time
in an analog computer is the derivation of a ramp function. A ramp function
is derived by the integration of a constant, Thus, if the computer reference
voltage can be controlled in regard to the beginning and the ending of the
ramp, a ramp analogous to the function t can bhe obtained,

To switch the computer reference voltage synchronous with the period
of oscillation of the air-bearing table, it was necessary to develop an

electronically controlled switch. As depicted in Figure 46, a pulse is
generated by the photo-electric timing device at each zero crossing of the
oscillatory period. These pulses were amplified and used to trigger a
multivibrator, yielding a square wave of 1/2 period duration. If this square
wave is amplified, as shown as the amplitied wave, and this amplified wave
is shaped by a resistance-capacitance circuit and the positive pulses are
removed by diode blocking, two negative pulses are developed as shown by
the multivibrator input waveform, These pulses are a direct result of
photocell detection of one oscillatory period,
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These pulses were used in a conventional mrnner to trigger a bistalie
multivibrator, By substitution of a suitable plate circuit relay in one of tiic
bistablc multivibrator plate circuits (in placs . a load resistance) the
relay operated synchronous with one oscill itory pe.iod of the air-bearing
table, Thus, the operation of an electron .c switch was obtained for com-

puter control,

2,2,4,2,2,1 Computer Solution: Figure 47 illustrates the overall functional
diagram of the designed interface equipment, and analog computer patching
required for the solution of the study program, Study of Figure 47 will
clearly define the operation of this system, From the interface output,

the opening and closing of the relay switches the computer reference
voltage on the integrator input synchronous with the oscillatory period, A
ramp function of sawtooth voltage is derived, whose period is also equal

to the oscillatory period., This ramp function is squared and then multiplied
by a constant, equivalent to the torsional rod constant, The resultant
product, the gross mon. nt of inertia (composed of the moment of inertia of
the test specimen aund th: oscillating portion of the air-bearing table), is
read from the computer digital voltmeter. Further refinement of the
computer circuit may be accomplished by subtracting from the resultant
product the moment of inertia of the air-bearing table, Figure 48 illust-
rates the developed prototype, referred to as MIB, and the completed
interface equipment and analog computer are illustrated in Figure 49,
Figure 50 is a working schematic of the developed piototype, MIB,

2.2.4,2.2,2 Computer Scaling: Scaling of the computer is not only essen~-
tial for the quantity K, but also to prevent computer overloading., (Scaling
is accomplished on the computer by the use of potentiometers for voltage
division), The necessity of time scaling of the ramp function is obvious,

If the potentiometer setting were selected for a ramp function analogous

to an oscillatory period of one second, the computer would overload for
any oscillatory period greater than one second. Scaling represents a
minor problem, but for some instances of moment of inertia determination,
it may be necessary to proportionally scale the readout of the digital
voltmeter,

Scaling of this output can be avoided if the maximum ramp funci.on
is selected for a very large oscillatory period, for example 10 seconds,
This car. be done--at the expense of accuracy--in cases where the period
is less than 1 second, since the constant voltage from which the ramp was
derived would be very small. General computer practices discourage the
use nf very small voltages, since undersirable low-level signals may affect
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the overall result.

2.2.4.2.2.3 Accuracy Considerations: Several factors determine the
overall accuracy of the determination of the moment of inertia:

(1) The ovcrall accuracy of the computer is published ranging
from 0.1 to 1.9%.

(2) A small, but measurable, quantity of time is lost by the
interface equipment plate circuit relay. This time was
measured and appeared to be consiant at approximately
6 microseconds. No adjustment to the comnputer program
could be made for such a minute error,

(3) To reiierate, no compensation for additional mass effects
wag attempted in this feasibility study.

2.2.4.2.3 Testing and Analysis: Preliminary testing of the ar;alog system
and prototype unit was sufficient to prove the feasibility oi design of the
more accurate final product. In order that the accuracy and repeztability
of the analog system be ascertained, final testing cousisting cof five tests
was accomplished using laboratory standards of moment of inertia for
comparison purposes,

Tables 17 through 21 depict the results of all final testing performed,
It should be noted that both percent time and percent moment of inertia
errors were determined,

2.2,4.2.3.1 Laboratory Equipment Arrangement: The equipment arrange-
ment employed in testing consisted of the 24-inch air bearing with torsion
rod and laboratory test standard, light source with photo detection unit
which triggers the laboratory counter/timer units, and the analog system,
Figure 51 illustrates the equipment arrangement used in testing.

Each test was conducted under as near-identical conditions as
possible, in regard to temperature, humidity, table air pressure, and
original table displacement. Sufficient warra+up period was allowed in all
czses for the electronic equipment utilized. Scaling of the analog computer
(time and amplitude} was set as accurately as possible, By controlling
these variables and varying only che laboratory test standards, conditions
for testing are optimized by minimization of external functions.

Testing progressed in a usual manner as described by established

laboratory techniques. After the installation of the desired torsiunal
rods and laboratory standards on the air bearing table, the table was
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Date: April 7, 1965

Table 17 Prototype MIB Moment of Inertia
Determination Capability Final Test No. 1

Computer Time Scaling: 10V = 10 seconds

Air Bearing Table Pressure:
Original Table Displacement:

25 PSI
. 035 radians

oty

Y

Prw

»

Begin End Torsion Rod Factor:
Test Time 8:10 a. m. 8:35 a. m. Testing Personnel:
Temperature A. Berisford
Humidity 44% K. Comer
Cycle Time Time % ‘fime  Moment of Moment of % Moment of
No. + (Computer) (Actual) Error inertia . Inertia Inertia Error
Seconds Seconds {Measured) {Calculated)
in-1b-sec? . in-1b-sec?
100 1.490 1.48722 0.187 10,20 9.912 2.90
- 200 1.490 1.48724 0.186 10.20 2.912 2.90
3c0 1.490 1.48718 0.190 .20 9,912 2,90
400 1.490 1,48703 0.200 20 9,912 2,950
500 1.490 1.48705 0.198 10,29 i L2 2,90
600 1.490 1.48728 0.183 10. 20 9.912 2.90
700 1.490 1.48685 0.212 10. 20 9.912 2.90
800 1.490 1.48668 0.223 10. 20 9.912 2,90
909 1.490 1.48702 0.200 10.20 9.912 2.90
1000 1.490 1.48717 0.190 10, 20 9.912 2,90
Mean Valye
of Data 1.490 1.48707 0.197 10.20 9.912 2.90
Required Equipment
1. Prototype MIB with Hewlett Packard 712B Power Supply
2. Electronic Associates TR-48 Analog Computer i
3. Hewlett Packard 524 Counter with associated Printer
4. Phococell Detection Unit and light source
5. Accurate Instruments Counter 51553
6. 2% inch Air Bearing Table with Torsion Rod Number 28
7. Laboratory Test Standard: None
#. Industrial Instruments Digital Voltmeter DVM-2
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Date:
Computer Tirne Scaling: 10V = 10 seconds

April 7, 1965

Table 18 Prototype MIB Moment of Tnertia
Determination Capability Final Test No. 2

Air Bea.ing Table Pressure:
Original Table Displacement:

25 PSI
. 03% radians

End Torsion Rod Factor: 44809
Test Time 10:42 a. m. 11.31 a.m. Testing Personnel:
Temperature 70°F A. Berisford
Humidity 40% K. Comer
Cycle Time Time % Time  Moment of Moment of % Moment of
No. {Computer) (Actual) Error Inertia Inertia Inertia Error
Seconds Seconds (Measured) (Calculated)
in-lb-sec? in-lb-sec?
100 2. 880 2.89134 0. 392 37. 30 37.412 0.299
200 2,880 2.89123 0. 388 37.30 37.412 0.299%
300 2. 879 2.89i2] 0. 422 37. 30 37.412 0.299
400 2, 880 2.89119 0. 387 37.30 37.412 0.299
500 2,879 2.89114 0.429 37. 30 37.412 0.299
600 2. 880 2,89121 0. 388 37. 30 37.412 0.299
700 2, 880 2.89100 0. 380 37.20 37.412 0. 299
800 2. 880 2, 89107 0.383 37. 36 37.412 0.139
aoo 2. 880 2.89167 0.404 37. 37 37.412 0.112
1000 2. 880 2,89074 0.372 37.37 37.412 0.112
Mean Valde
of Data 2. 880 2,.89118 0.394 37.32 37.412 0. 246
Required Equipment
1. Prototype MIB with Hewlett Packard 7127 Power Supply
2. Electronic Associates TR-48 Analog Compute~
3, Hewlett Packard 524 Counter with associated Printer
4. Photocell Decection Jnit and light 3carce
5. Accuvate Instruments Counter 51553

© ~ o

24 inch Aur Bearing Table with Torsion Rod Number__ 28

Laboratory Test Standard:

30 in, ~lb-sec~

Industrial Tnstruments Digital Voltmeter VM2
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Table 1¢ Prototype MIB Moment of Inertia
Determination Capzbility Final Test No, 3

Date: April 7, 1965 Air Bearing Table Pressure: 25 PSI
Computer Time Scaling: 10V = 10 seconds Original Table Displacement: . 035 radians
Begin End Torsion Rod Factor: 67, 08535%
Test Time 13:45 p. m. 14:05 p.m., Testing Personnel:
Temperature 72°F 720F A, Berisford
Humidity 44%, 4% I, Fretwell
Cycle Time Time % Time Moment of Momert of % Moment of
No. + {Computer) (Actual} - Error . Inertia Inertia Inertia Error
Seconds Seconds {(Mzasured) (Calculated)
in-1b-sec? ) in-lb-sec?
100 1.030 1.02776 0.218 74,49 70. 843 5.15
200 1.030 1.02738 0.255 74.49 70. 843 5.15
300 1.030 1.02713 0.279 74.50 70,843 5.16
400 1.030 1.02698 0.294 - 74.50 70. 843 5.16
500 1.030 1.02687 0. 305 74.49 70.843 5.156 j
600 1.030 1.02676 0.316 74. 40 70.843 5.02 .
700 1.030 1.02674 0.318 74.40 70. 843 5.02 -
800 1. 030 1.02670 0.321 74. 30 70. 843 4,88 1
i
900 1.030 1.02662 0. 329 74. 30 70. 843 4,88 i
F
1000 1.03¢0 1.02669 0. 322 74, 30 70, 843 : 4, 88 b
Mean Valpe >
of Data 1,030 1. 02696 0.296 74, 42 70, 843 5,05

Required Equipment

Prototype MIB with Hewlett Packard 712B Power Supply
Electronic Associates TR-48 Analog Com.puter {
Hewlett Packard 524 Counter with associated Printer

Photocell Detection Unit and light source

Accurate Instruments Counter 51553 b
24 inch Air Bearing Table with Torsion Rod Number 120 '
Laboratory Test Standard: 60" lb, sec?

Indusirial Instruments Digital Voltmeter DVM-2 N

X~ oW F W
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Table 20 Prototype MIB Momert of Inertia
Determination Capability Final Test No. 4

Date: April 7, 1965 Air Bearing Table Pressure: 25 PSI
Computer Time Scaling: 10V = 10 seconds Original Table Displacement: .035 radians
Begin End Torsion Rod Factor: 67,08535
Test Time 15:05 p. m. 15:30 p.m. Testing Persounel:
Temperature 72°F 720F A. Berisford
Humidity 46% 46% F. Pauli
Cycle Time Time % Time  Moment of Moment of % Moment of
No. {(Computer) (Actual) Error Inertia Inertia Inertia Error
Seconds Seconds (Measured) {(Calculated)
in-lb-sec? in-l1b-sec?
o
100 1. 430 1.41386 1.141 138.0 134, 044 2,95
200 1.410 1.41332 0.234 138.0 134,044 2,95
300 1.410 1.41297 0.210 138.0 134,044 2.95
400 1.410 1.41276 6. 195 138.0 134, 044 2,95
500 1 1.410 1.41261 0.184 138.0 134, 044 2,95
600 1. 420 1.41241 0.537 138,0 134. 044 2.95
700 1. 410 1.41233 0.164 138.0 134,044 2.95
800 1.410 1.41223 0.157 138.0 134, 044 2,95
900 1,420 1.41226 0,548 138.0 134,044 2.95
1000 1. 410 1.41230 0,162 138.0 134. 044 2,95
Mean Valué¢
of Data 1.414 1.41271 0,353 138.0 134, 044 2.95
Required Equipment
1. Prototype MIB with Hewlett Packard 712B Power Supply
2. Electronic Associates TR-48 Analog Computer
3. Hewlett Packard 524 Counter with associated Printer
4, Photocell Detection Unit and light source
5. Accurate Instruments Counter 51553
6. 24 inch Air Bearing Table with Torsion Rod Number 120
7. Laboratory Test Standard: 120 in. 1b-sec?
8, Industrial Instruments Digital Voltmeter DVM-2
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Table 21 Prototype MIB Moment of Inertia
Determination Capability Final Test No. 5

Date: April 8, 1965 Air Bearing Table Presaure: 25 PSI
Computer Time Scaling: 10V = 10 seconds Original Table Displacement: . 035 radians
Begin End Torsion Rod Factor: 4. 4809

Test Time 8:30 a. m, 9:40 a. m, Testing Personnel:

Temperature 70°F 700F C. Bridges

Humidity 42% 44% A. Berisford

Cycle Time Time % Time Moment of Moment of % Moment of
No. + (Computer) (Actual) . Error . Inertia . Inertia . Inertia Error

Seconds Seconds (Measured) (Calculated)
in-1b-sec? . in-lb-sec?

100 3.960 3.97754 0. 440 70. 30 70. 843 N 766
200 3,960 3.97703 0.428 70. 30 70,843 0, 766
300 3.960 3.97670 0.419 70. 30 70, 842 0. 766
400 3.960 3.97692 0,425 - 70, 30 70. 843 0. 766
500 3.960 3.97711 0.430 70. 3¢ 70.843 0. 766
600 3. 960 3.97683 9.423 70, 30 70. 843 0. 766
700 3. 960 3.97645 | 0,413 ©70.30 70. 843 0. 766
800 3,960 3.97856 0.466 70. 30 70. 843 0. 766
900 3.969 3.97534 0. 385 70. 30 70. 843 0. 766

1000 3. 960 3.97668 0.419 70. 40 70.843 0. 625

Mean Valde
of Data 3. 960 3,97692 0.425 70. 31 70. 843 0, 752

Required Equipme.t

Prototype MIB with Hewlett Packard 712B Power Supply
Electronic Associates TR-48 Analog Computer

Hewlett Packard 524 Counter with associated Printer
Fhotocell Detection Unit and light source

Accurate Instruments Counter 51553

24 inch Air Bearing Table with Torsion Rod Number 28
Laboratory Test Standard: 60 in. -lb-sec

Industrial Instruments Digital Voltmeter DVM-2
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displaced to 0,035 radian and released, The measurements of periods
(by the laboratory counters and the analog computer) and caiculation of
moment of inertia (by the analog computer) were made for the hundredth
tiirough the thousandth cycle at 100-cycle intervals, This range is
compatible with normal moment of inertia calculations urilizing the 7.4~
inch air bearing table,

It should be noted that Final Test Number 1 was made without a
laboratory moment of inertia standard, This test was made to determine
the moment of inertia of the air bearing table, n Tests Number 2 through
5, the moment of inertia of the table is additive to that of the laboratory
stzadard,

2.2.4.2,3.2 Time Errors: The final testing of thc prototype system indi-
cates a mean time-error raaging from 0. 197 to 0.425%. Tnis is well
within the published accuracy of the computer, which should contribu.e

the major portion of the error encountered, (The time error of the
electronic switching unit was measured at 6 microseconds difference. )
One point should be noted from the test data. The actual time was
measured to only three significant digits beyond the decimal point. This
condition was dictated by the capacity of the analog cormputer and digital
voltmeter, Si-ce the error is within computer accuracy, further investi-
gation and analysis is believed to be unwarranted,

2.2.4.2.3.3 Moment of Inertia Errors: The mean of moment of inertia
errors ranged from 0,246 to 5,05%. It should be reiterated that the
over-all published accuracy of the computer ranges from 0.1 to 1, 0%.

For most operations utilizing linear function generations, the accuracy will
be well within stated limitations, However, the computation performed for
moment of inertia determination requires a non-linear operation; namel;,
squaring,

The TR-48 analog computer performs the squaring nperation by
diode-resistance networks. Electrical conduction through the diodes
occurs at discrete levels, Thus, a squaring-curve is composed of many
segments of straight line, rather than a smooth curve. It should be
realized wnat a limitation to the number of diode resistor circuits =xists,
The number of circuits utilized in the squaring operation determines the
accuracy of the operation,

From the data, a trend for better accuracy of moment of inertia
determination is evident when relatively large period of oscillation were
establishcd, Ewven through the computer was utilized in recommended
ranges of operalion, it is apparent that better accuracies were achieved
when the squaring operations were made at smaller frequencies and
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consequently greater computer excitation voltages.

Ar improvement of accuracy in squaring can be obtained by one of
the following methods:

(i) Establish period of oscillation which will drive the
analog computer to voltages just below the saturation
level,

(2} Establish time scaling which will drive the analog
comnuter to voltages just below the saturation level,

2,2,4.2.4 Conclusions: The degree of repeatability and accuracy rutained
by the analog prototype is well above the required 85% accuracy. Prelimi-
nary and final testing of the analog prototype definitely indicates the feasi-
bility of developing a digitized system.. Refinemcuts to the digitized system
for compensation for additional mass effects will be made by mathematical
analysis of the air bearing table torsior-. rod system ar 4 electronic incor-
poration of the neczssary refinemeats into the final syrtem,

Th? s test demonstrates the value of the analog computer in mass
metrology experiments and feasibility studies, esrecially as an in-line
corputation device, This iz attributed to the nataral frequencies of torsional
experirnents and the versatility of the analog computer, both mathematically
and electronically, Further versatility of the computer may be achieved by
hybrid computations, where both digital and analcg computations are per-
formed simultaneously., The developed prototype utilized the computer in this
manner,

2,3 PRODUCTS 2F ™NERTIA

2.3,1 Basis for System Design: In an endeavor to develop an analog proto-
type system for determination of products of inertia as funded under

NASA 8-11314, a literature search was made, This search revealed a method
i~r aetermininy products of inertia which wae favorahle to system fabrication,
basically requiring the computation by an snalog computer of an equation con-
taining two variables and one constant,

From Figure 52, it can be ascertained that a measurement of torque
exerted by a body about axis Oy as the body rctates at a constant angula>
velocity, w, about Ox, will lead to the solutiun of product of inertia, Each
b. ‘Gicle situated at a distance r from the axis Ox will exert a rac ‘al forc:
n “r. Thus, the total torque about the axis Oy is:

Ty = Zxmw?r 3in 8 = w?®L xmr sin 6 (35)
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FIGURE 52 COORDINATE SYSTEM FOR PRODUCT OF INERTIA SOLUTION
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But from Figure 52,
rsnfB=2 (56}
Ty = w® ZTmzx = w3, (57)
where I; y is the product of inertia

Thus, Ix =LY (58)
w

This expression may be further simplified for purposes of machine
design by recalling that torque is defined as the product of force and length,
Therefore,

FL
I x =7 (59)

2.3.2 Methods of System Solution: Equation 59 lends itself readily for

fabrication of a desired system, From the equation, the following restrictions

may be seen:
{1) The test body must be rotated at a constant angular velocity,

(2) The table top or surface on which the test body is rotated must
have its vertical axis of rotation through the center of gravity of
the test body to insure that no component of static unbalance
enters the solution of equation 59,

(3) When the body is rotated at w, a force F at a distance L from
the axis of rotation must be measured,

From these basic stipulations, three methods of system solution were
proposed.

(1) Utilize an air bearing table or other near frictionless support,
rotate the table top, and for a particular revolution, determine
the equation paramecters., This method was eliminated since a
lack of control and measurement of parameters is evident,
Certainly, the angular velocity, w, is not constant since the
device is not absolutely frictionless,

{2) Using an air bearing table or other near frictionless device or
support, provide a precision drive for the device, This method
is feasible, however, the cost of fabrication was believed to be
prohibitive,
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{3) Procure a precision rate table, which is of sufficient quality tc be
used in testing precisi.n gyros. This table would include all
accessorics such as sexvo amplifiers which would provide precise
variable control, and low noise slip rings which provide trans-
mission of electrical data from the table top to necessary inter-
face equipment and the analog computer.

2.3.3 System Design: Frou the later proposed method, a precision rate
table manufacturer, by Inland Ccntrols was selected and requisitioned, A
decision to requisition instead of manufacture the device was made due to
cost, delivery date, and degree of precision as specified by the following

manufacturer's specifications:

Inlana Controls Rate Tuole Model 712:

Speed range: 0 to 600%/sec

Speed accuracy: 0.1% of indicated speed or 0,00019/sec,
whichever is greater

Wow and flutter 0.1% of indicated speed or 0.0001%/sec,
whichever is greater

Table acceleration: 1009/sec®
Peak torque 5 ft lbs
Table top diameter ?* iaches
Table flatness 0.001" T.R,
Table load capacity: 300 1b

Shaft runout: 0.0001"

This table, although procurred for use in an analog model feasibility
program, should be of sufficient quality for use in a more sophisticated
and precise digital machine, which may be developed in the future,

Modifications to the rate table, and accompanying amplifiex drive
device were made to permit collection of the necessary data. Figure 53
indicates the rate table and the tilt top which was placed above the rate
table, This tilt top rotates with the rate table and permits measurement of
the variable F, which is a result of product of inertia. This variable is
measured by two load cells whick are 180° apart through the center of the
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tilt top. In this configuration, when a product of inertia is encountered, one
cell is in compression and the other cell in tension. The ioad cell specifi-
cations were as follows:

Revere Super Precision Universal Load Cells:

Capacity: 25 1b

Terminal resistance: 350 *1 ohm

Output: 3,000 t 0, 1% mv/volt
Zero balance: 1% of rated output
Nonlinearity: 0. 95% of rated output
Repeatability: 0. 02% of rated output
Hysterisis: 0.03% of rated output

It should also be noted from the figure that monoflexures were employed.
This permits the measurement of product of inertia in one axis only, since
the resulting tilt (0, 005 inches maximum) is through the axis of the load cells,
Manufacturers monoflexure specifications are:

Ormond Mono-Flexure Type MF-8-3.0

Rated Capacity: 3000 1b
Initial stiffness: 1. 8 in~lb/degree
Efficiency {load per unit of
stiffness): 1670
Maximum deflection: + go

The quantity L is a constant and was determined by a mecasurement
from the center of the tilt top to the point at which the force, F, was mea-
sured by the load cells,
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The variable, w, was taken from the servo drive of the rate table,
This quanitity was obtained in a suitable d,c. form, with only scaling necess-
ary before insertion into equation 59,

In regard to scaling, scaling of the equation variables and constant
was necessary before solution of equation 59, The maximum combined load
cell output was calculated to be 0, 09 volts., This was amplified and ¢ caled
to include the distance L such that 250 inch pounds (maximum) was equivalent
to 2.5 volts. Referring to the variable w, a scale of 7 volts/radian/second
was obtained from the servo drive. This was scaled such that 1 radian/
second angular velocity was equal to 10 volts, By performing scaling in units
of tens, it was necessary to place the decimal point on the voltage read from
the analog computer. Thus, further mathematical manipulations were
unnecessary.

2,3.3.1 Electrical Concepts aad Design: Figure 54 depicts the completed
electrical system in a block diagram fashion, From the diagram, the vari-
able F data is cbtained from the load cells, appropriately scaled by a factor
of -1./100 and placed in the dividend portion of the division circuit, The
variable w is scaled to a value of w/10 and squared, thus yielding

w? .1

100 v

where the scale down by 1/10 is achieved in the squaring operation., Thus,
the division operation is performed, utilizing both variables and yielding

.

+ 10 FXL,
- e

which is the desired solution,

2,3.3.2 Mechanical Concepts and Design: From the basic rate-table, a
mechanical design was formuiated wherein an additional table or platform
was secured above the rate-table and was permitted to tilt in onc plane,
This was achieved and measured through the use of monoflexuies and load
cells which were accurately located and secured between the rate-table top
and the working platform, Additional efforts were expended to insure the
levelness of the table in a static cuadition and that the test body was accu -
rately located with its center of gravity over the vertical axis of rotatio.
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2.3.4 System Evaluation

2,3.4,1 Results: After connection of the electrical circuitry according to
the block diagram of Figure 54, a checkout test of the system was made,

and final adjustments completed. Measurement accuracy was determined by
testing a number of laboratory test standards, These standards are tri-
angular solids for wkhich the products of inertia about selected axes have been
calculated, Table 22 illustrates the difference in readings obtained,

2.3,4,2 Analysis of Results: One of the major contributing factors to the
errors shown in Table 22 would normally be the squaring operation performed
by the analog computer. In this case the squaring was reasonably accurate
. as can be seen by comparison of the w and w? values in Table 22, Instability
in the torque output (FL in Table 22) caused a shifting of the scale factor
which affected the results, It has not yet been determined whether the
instability is inherent in the load cells or mechanical friction in the tilt table.
The later appears more probable. Another major factor was the low voltage
value used for FL in the computer, which is a result of an insufficient number
of operational amplifiers in the computer, Increasing this value would pro-
bably result in improved accuracy. Other minor errors are contributed by
deviation of tne object support surface from a plane perpendicular to the
axis of rotation, tachometer output variation, and mechanical alignment
errors in the tilt table system.,

From the expericnce obtained thus far it ie concluded that the basic system

concept is sound, and is capable of producing higher accuracies as refinements
are made.

2,4 PRINCIPAIL. AXES

2.4.,1 Math Basis: [o specify the dynamical properties of a body in rotational
motion about any poiat 0, six inertia coefficients are necessary. These
coefficients are the thiree rnoments of inertia and the three products »f inertia.
To define these quantities, the classical three-dimensional rotor as shown

in Figure 55 will be used, The quantities needed to describe the ith particle
are:

mass of ith particle ’ my

unit vectors ;, -3-, k

position vectors T=xi+ yJT + 2k

angular velocity w = wx—i-+ (x‘Y3-+ wz_li
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FIGURE 55 CLASSICAL THREE.DIMENSIONAL ROTOR
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linear velocity
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t1n,cor momentum
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¢ngular momentum

The co nponents of the angular momentum or the ita particle are

m; (y° + 2°) wy - my (xy) wy - o (xy) @,

Py

-my (xy) Wy + my (x* + x®) wy - my (yz) W,

P; = -m; (x2) Wy - m, (yz) wy + my (x° + yz) W,

where the identity;x (L_u x -1-'.) = (; . r_) w -(; . w) T is used. If all the
particles of the object are considered, the total momenturn becomes

P= ; P; = Pyi+ Pyj + Pk,
1
and the components become
Py = Lixwy - Iyywy = Iz,
Py = -Lyywy + Lyywy = Iz w0,
P =« Iygwy = Iypwy + Iz w

The quantities

n
Liy - Zmy (y§ + zf)
1

Iyy

1]

n
f m, (y} + x)

n
2 3
}i‘,mi (xi+ y?)

H

I :
12 i

are the moments of inertia, and

n

Iyy = Tm, x.y.

xy = I i*iYi
1
n

- .
Iy, = Hmlyizi

il3

{60)
(61)

(6-)

(63)

(64)
(65)

(66)

(68)

(69)

(70)

(71)
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I’l = X3 : 72)

A
2 - i~1

are the products of inertia with respect to the set of 2x25 O, .. if the total
mass M and center of gravity C of the Yocéy are known. the dynarnical :nfor-
mation .» compiete,

Knowlng the six inertia coefficients Iy, Ivy, L;: and Iy, Iy:, I.,
ior any axes C,;y; and knaowing the mass M and the position. of G one can
determine the oriertation cf the princ.. a! axes C';y; vor any other point 07,
Figure 5¢ shows a diagram of an zribitrarily siiaped object where R is the
position of a particle of mass mg with respect t> the axes Cyy;. The body
is composerd of n particles such that

n

M= mg (73)

s=1

The position vector of OP is:

_; = ¥i - y:]'—‘ zk. (74)
The direction of OQ is given by

q = £i - mj + nk. (75)
The moments and products of inertia with respect tc O,.; are defined in

Equations €7 through 72, By definition, the moment of inertiz about0Q, a
rctated axis, is

Iy = Smg (PN)* (70}
Iog = Tmg (OP® - ON?) . (77)
Iog = Img [(x* + y® = 2%) - (4x - my + mz)®] (78)
Iog - I, 25 + Iyym® = I n% - 2{I 4 b - I ;mn + I; yné) {79)

Equziion 79 can be rewritten as

_ I:Ixxxa + IYYY2 + I;;2° - 2{Iyxy + Iy:vz + I x2X) ] (80)

I
(P*Y?‘i‘zzj

where coordinates (x,y, z) now refer to any arbitrary point R lying along
OQ and are, therefore, independent variables, If OQ is dirccted along a
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principal axis, the value of I ren.ains con-’tdnt/é.long that axis; therefore,

8L _p, 2L -9, 2 _9 (81)
2x 3y 3z

and
Bl _ 2 (gxx - Lyyy -~ 1542} _ 2Ix (82)
ix (x* = y° = 2%) (x* +y° + z%)
_-_I_ 2Ly ~Igyx - Iypz) | 2ly (83,
Cy (< + y* + 2°%) {(x° + y° +2%)
':3_. =y -~ Ly-y - Ipux) | 2lz (84)
3z (x* + y° « 2°) (x° + y° + z°)

Now Equation 81 becomes
(Ixy ~ ) x - Iywy -T7452 =20 {85)
“Lyyx + (Iyy -Ljy-Ly;2=0 (86)
“hixx - Iypy ¢+ {12 -0 2=0 (87)

where x, y, z define the positions of the principal axes. To obtain x,y. z
from equation 85 through 87, the following matrix r.ust be solved.

(Zvx - 1) Iy I x
-Ixy (Iyy-1) -1y, =0, {88)
~Ipx -1y, {I;, -1)

Equatinn ¢8 leads to the cvbic equation

I = (Igx + Iyy + Lig) P 4 (Iiglevlp,

Lol = By = 5, - ) 1= (Ig Iyy I,

- 20 gy seg Yax = Lz = Ly g = LIy = 0. (89)
The three roots o' I are the principal moments of inertia, Equations 85
through 87 can now be solved using these principal inertias to determine

the values of x,y,z. The values of x,y, z will in turn determine thc direct-
ion of the principal axes,
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As an example of the method just described, a rectangular solid as
shown in Figure 57 will be used. The »rincipal axes wiil be founc with
respect to 0. The six coefficients of in211.a are.

I,x = 100, I.v = 136, Izz = 164

IXY = 60, l\_rl = 36, Iz, = 45
Egquaiion 89 becomes

I - 400" + 45, 3831 - 1,040, 600 = 0 {90)
with roots

A = 30,50613, B = 180.2 1604, C = 189,24783.

Now Equations 85 and 86 yields

x y z
1 0.7521 0.5402
1 -1.1180 -0.2926
1 2.1720 -4.8793

waere A, B and C are used in turn. The direction cozines relative tc Oxy:

are
£ m n

0,7°:4 0.5524 0. 3962

0, 654 -U, 7316 -0.1915

0, 18«0 0. 3997 -0. 8980

which are derived from

X
(91)

L= T L =

}‘;"-'+)ra+z'.2

m= w—0u ¥y (92)
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A computer program for determining the principal axes is available
and is shown in Figure 58, To use this program, the momeats and prcducts
of inertia about the center of gravity must be known, The reference axis
is chosen about the center of gravity because the moments and products of
inertia are determined about the point in all the laboratory tests, A brief
explanation of the computer program in Figure 58 will be givea to show its
relation to the previous theory. (All step references are in relation to
Figure 58) Steps 1 through 13 tell what the program is and what variables
are needed for the solution, that is, Ixx, Ivy, I;z, Ixys Ixz, Iyz. Steps i4
through 20 solve the coefficients of Equation 89, and then this equation is
solved in steps 21 through 44, To illustrate these various steps; the cubic
equation in step 21 is

y'+ Py’ +Qy+R=0, (94)
where

y=x-P/3 (95)

a=1/3(3Q - P?) (96)

b =1/27 2P° - 9PQ + 27R). (97)

Since the products will be less than the moments of inertia where the
reference axis is taken through the center of gravity

b2 . 2% <. (98)
4 27

The roots of Equation 94 are

x =2 -2 cos (8 +120%) k=0, 1,2 (99)
3 3
where
- b /4
- 100
cos b=+ Tam (100)

The minus sign will be used since b is positive for the problems considered,
Equation 96 and 97 are solved in steps 22 and 23, Equation 100 is solved in
steps 24 and 25, Steps 24 through 37 change the angle from degrees to radians
after a manual input of the arc-cosine of ¢ in radians is performed. The next
step is to solve the three angles in Equation 99, The three roots of Equation
94 are solved in steps 38 through 41 and are given in steps 42, 43 and 44.
These roots of Equation 39 are now used in Equation 85 through 87 to solve
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for x, y and z, This is accomptished in steps 45 through 48. In solving
- for the direction cosines, the variable » .s set equal to one since only the
direction of the axis is needed; therefore, steps 49, 50 and 51 are

»

1

L= (101)
14 y?‘ +z°

msz ~—>y ’ (102)
1+ y3 + z°

az —2 ’ ' (103)
1+ y2 + 2°

respectively. The remaining steps, 52 through 63, are the computer steps
necessary to give a print-out of the principal moments of inertia and the
direction cosines necessary to rotate the reference axes to the >rincipal
axes, )

In summary the principal axes of an object can be easily obtained if
the momenrt and product of inertia of the object about its center of gravity
are known., The Mass Metrology Laboratory has available to it at SPACO, INC,
an IBM 1520 computer which is capable of handling the principal axis deter-
mination.

2.5 MASS PROPERTIES OF LIQUIDS
2.5.1 Technical Discussion of the Problem

2.5,1,1 Background: In the past, considerable effort has been madc in

the theoretical and experimental study of liquids., Studies have included,
sloshing, pressure, baffles, vibration, acceleration, viseosity, flow, and
other studies. A literature search was made to determine the problem and
to aquaint this laboratory with prior work in this area. Appendix B lists the
materials accumulated by the Mass Metrology Laboratory during the litera-
ture search,

Z2.5.1.2 Requirements

A basic requiremen for flight vehicles is to predict their reaction to
appliea forces, whether internal or external. One factor wnich greatly affects
the action or reaction of a space vehicle is the fuel carried on board, Mass
nroperties of liquids is more of a problem today than in the past because
larger quantities of liquid fuel are required for extended flights. At launch
more than ninety percent ~f the vehicle weight is contained in fuel for some
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of the present rockcts.,

Since iuel motion in the vehicle has such an effect on the vehicle's
overall stability more details must be knovn about liquid motion, One
important aspect is to learn the effects of the moving liquid ¢n the moment
of inertia of the vehicle during vscillatory motions. These oscillatory
motions can be caused by gimballing of the engines about th: pitch or yaw
axis or by external forces such as wind currents. For oscillations about the
yaw-pitch axis the moment of inertia about this same axis must be knov 2 to ;
determine the behavior and trojectory of the vehicle, In light of this require-
ment the Mass Metrology Laboratory at SPACO, INC, has performed exper-
imental studies and theoretical analysis into the problem of astermining
momernts of inertia of a liquid rotating about its yaw-pitch axis.

The basic problem was to determine the moment of inertia of a
partially filled cylindrical container about its yaw-pitch axis, A partially
filled tank was used instead of a full tank because this closer simulates an
actuai fuel tank. The equipment used was all government furnished except
for a few small items and modifications,

2.5,1,3 Solution: The method of solving this problem, experimentally was
to oscillate the partially filled tank at various frequencies, by forcing it

with different torsion rods, and using various amounts of water to determine
the relationship of the moment of inertia, frequency and aspect ratio (ratio

of liquid height to tank diameter.) The experimental data was used to
determine the ratio of the moment of inertia of the liquid system versus the
‘moiment of inertia of the system if the liquid were solid, This ratio was com-
pared to the aspect ratio to determine the relationship between the two. The
experimental results were then compared to theoretical results to determine
the validity of the theoretical approach,

2.5,2 Procedure

2,5,2.1 Equipment: The basic items of equipment used in the tests program
are the plexiglass tank and stand, torsion rods, radian scale, photon-cell
timing equipment and a capacitive transducer, Figurs 59 shows a sketch of :
the equipment and Figure 60 shows the tank set-up in the laboratory. All the

above equipment was government furnished except the torsion rods, radian

scale, capacitive transducer, and special brackets, which were made at

SPACO. The torsion rods were pre-selected and designed to produce certain

frequencies of oscillation of the tank, The radian scale was used for obtaining

rough measurements of angular displacement and the capacitive tr-1sducer

was used to obtain precise angular dicplacement measurements, More infor-

mation on the capacitive transducer is given in Appeadian D, The photo-~cell

timing device with its associated counters and read out devices wer. used to -
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measure the period of oscillation, Any cther minor special equipment was
designed and fabricated as needed,

2.5.2.2 Test Program

2,5,2.2.1 Center of Gravity and Moment of Inertia of Empty Tank: The
government furnished plexiglass tank and stand were the basic elemerts in

the experiment., The first tests consisted of determining the center of

gravity end moment of inertia of the empty tank, The center of gravity was
determined by using three different methods; knife edge, two pocint suspension
and Bytrex center of gravity lccater, The results of the Bytrex tests appeared
to be the most accurate; therefore, th. 5 data was used. The moment of inertia
of the empty tunk was obtained by suspending the tank or a torsion - 2d from

an over nead "I' beam and measuring its period of oscillation to d¢ ermine

the moment of inertia.

2.5,2.2.2 Rod Calibration: The next testing program was the calibration
of all the torsion rods to be usad wit the tank, The smaller rods were
calibrated as described previously in paragraph 2.2 Moment of Inertia.
The stiffer rods were calikrated using a static method. A sketch of ire
test equipment is shown in F.gure 61. K was determined using,

T:Keoerle (104)

where t = W x r is the torque produced hy a weight acting at a distance r and
0 is the angular displacement,

The apparatus for deterrnining spring constants of torsion rods stati-
cally was used to calibrate the thre. largest rods i07, 122, and 123, The
values ob*ained appear to be rclatively inaccurate because of high friction
in the calibration apparatus. To check these values, the constants were
calculated using an average value of modulus of rigidity obtaired from
earlier tests, Differences of as much as 5% were found, Tabie 23 shows
the measured values obtained for all of tae torsicn rods, For all bit rods
107, 122, and 123, the constants were obtained from a suspended pendulum
tests using a moment of inertia standard., The differences in the deviation
from the mean value points up the relative errors in the dynamic and static
methods, Table 24 shows the calculated values of »~d constants, using a
modulus of rigidity of 12,022 x 108, Table 25 lists the differences between
the calculated and measured values of rod constants,

The conclusions from these tests are nct that the static methed 15 in
error but that the equipment is not adequate.
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Table 23 Experimental Values of Torsion Rod Constants

Rod Length Diameter 'K'' Value Maximum Maximam 68
Numbezr In In Percentage Deviation Radians for
Inches Inches trom the Mean 30, 000 psi Shear
Stress
160 a8 0. 500 1,540.68 2" 0_006 0.28
radian
102 36 0.560 2,058.52 0.029 0. 36
103 24 0.500 3,077. 54 0. 061 0.24
104 48 0. 375 482,11 0. 036 0.65
165 36 0.375 645. 05 0.016 0.50
106 24 9. 375 375. 638 0.010 0. 32
107 24 0. 625 7,715.02 (1) 0. 81 0.19
108 36 0. 625 5.008. 31 3.072 0.28
109 43 0. 625 3,752. 06 0.043 0.38
122 24 0.750 16.262.80 (1) 1.34 C.16
123 24 1.000 51,753, 63 (1) 1.60 0.12

(1) Obtawned from static measurement setup



Table 24 Theoretical Values of Torsion Rod Constants

Rod Theoretical K
Number J G Using Avg G
101 0.006136 12. 052 x 10° 1,536. 8]
102 0.006i36 12.077 x 10° 2,049, 08
103 0. 006136 12,037 x 106 3,073.6¢
104 0.00194i 11.922 x 10° i86.13
105 0.001941 1i.964 x 10° $48.18
106 0.001941 12.064 x 10° 972. 27
107 0.614979 - 7,503.23
108 0.014979 12.037 x 10° 5,022. 15
109 0. 014979 12. 025 x 16° 3,751. 61
122 0.931062 - 15,559, 47
123 0. 098175 - 49,177. 49

Avg. 12,02z » 0°
y - ma? G =KL K =GJ
32 3 i
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Table 25 Comparison of Theoretical and Experimental Values
of Tcrsion Rod Constants

Rod # Theoretical K Experimental K Difference 7, Difference
101 1536. 81 1540, 68 3. 87 0.251
102 2049. 08 2058, 52 13,31 0. 649
103 3073. 62 3077. 54 3.92 0.:127
104 486.13 482.11 4,02 C. 826
105 h48, 18 645. 05 3.13 0,432
106 972,27 975. 68 3.41 0. 350
107 7503.23 7715, 02 211.7¢9 2.822
108 5002, 15 5608, 31 6.16 0.123
10¢ 3751. 61 3752, 66 1.05 0.027
122 15559, 47 16262, 650 703. 33 4.520
123 49177. 42 51753.63 2576. 14 5.238
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2,5,2.2,3 Moment of Inertia of Liquid System

2.5.2.2,3.,1 Objective: The final test program was the determinring of the
moment of inertia of the tank system for various frequencies : nd water levels,
The test objective was to conduct extensive experimentation tc determine the
percentage of liquid which acts as a solid in measuring the moment of inertia
of a rotating liquid svstem.,

2.5.2.2,3.2 Eguipment and Equipment Function: A government furnished
cylindrical plexig ass tank with a hemispherical Lottom along with its sup-
porting stand was the basic item o. equipment, The tank was supported in an
upright position by two (SKF SYH 100x) self-aligning ball bearings that
enable the tank to rotate about its yaw-pitch axis, The tank's supporting
shafts were designed so that various torsion rods could be mounted to the
tank for producing fcrced oscillations. A capacitor transducer was rounted
on one side of the tank to provide angular displacement measurements as

the tank oscillates. The capacitor transducer was fed to an X-Y Plotter
(Mocseley 136 A) so thai a complete time-displacemem history would be
available, A photocell-light timing device was meunted to the tank stand

and provided the period of oscillation, The timing device was triggered

0y a wand extended from the tank, Thig ottput was fed to u Hewlett-Packard
5<4 D counter which provided a visual display of the period time., A Hewlett-
Packard 560 A printer was used to produce a permanent record,

2,5,2.3 Test Procedure: The test apparatus was utilized as foliows, The
plexiglass tank and stand were firmly mocunted on the isopad. The tank was
suspended so that its center of gravity was on the axis of rotution, This
was accom:plished by using two adjustable brackets on each sid.: of the tank.
After the tank had been placed with its center of gravity on the axis of
rotation, the capacitor tran:ducer and photocell device were zeroed . The ]
output of the photocell device was connected to the Hewlett-Packard 524 D :
counter which was adjusted for measuring each alternating period, then this

signal went into a H-P 560 A for automatic readout, The vutput of the

capacitive transducer was fed 1o the Mosely 136 A, X-Y Plotter, The torsion

rod to be used in the specific test was mounted in its support stand and was )
accurctely aligned, by using a theodolite, so that the tank was zeroed in its i
static oosition, The specific amount of water was weighed on the Shadow-
graph «1d poured into the tank, All electrical equipment was activated
and allowed to warm up. The tank was then manually nscillated so that ite
displucement slowly increased while maintaining a relatively steady water
surface., When the tank reached a displacement of 0, 18 radians the forcing
motion was ceased and the tank tegan to decrease in amplitude, When the
maximum swing decayed to 0, 16 radians bcth the timer and X-Y Plotter
were started and the period and displacement measurements were auto
matically recorded until the tank stopped oscillating,

R
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The data sheet contained the following information:

Date Time Temperature Humidity Personnel
Rod Number Water Level X-Y Plot of Displacement
Period Readout

2.3.2.4 Results Analysis: The data obtained frcm a given test was usad to
determine the moment of inertia of the system at its pa ‘ticular frequency

of oscillation, This was accomplished by ploiting th.> period per cycle versu
the displacement and determining the pcriod as th: amplitude a-oroaches
zero as shown using representaiive data in Figure 62, The displacement
was plotted every 0, 005 radian, from 0,16 to 0,005 radians, The period
was plotted at the corresponding displacement to the nearest 0. 0001 second.
This method of determining moment of inertias is thoroughly explained in
the moment of inertia section of this report,

The period at zero arnplitude T, will be used in the formnula
1= (WL +K) T? /47, (105)

along with the weight of the system W, the distance from the pivot to the
center of gravity of the system L, and the torsion rod constant K, in deter-
mining the moment »f inextia of the system., Equation 105 is derived frcem
the equaticn of motion of the tank system

19 + WL sin 8+ K8~ Mg=0 (106)

The term M; is a frictioral moment which includes all frictional losses, In
arriving at Equation 93, My is assumed to be zero but it can be compensated
for by using

ITotal System - IEmpt:y System = IEffec:tive Water (for a given frequency)
(107)

This equation eliminates all iosses produced by air drag and bearing friction
at a giver frequency since these eftects are subtracted out, Therefore,
IEffective Water gives the true moment of inertia of the water., Another
method of eliminating all losses in order to obtain the true effect of slosh,

ie by replacing the liquid with a s lid that has the same density of the water,
This possibility was investigated an' a wa.. was found that would be very
suitable, The wax had a specific gravity of 0,998 and had good character-~
istics which would allow it to be tormed in the tank to simulate the water.
This program was not pursued because of the cost involved, the time
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required and present need for this type accuracy,

The accuracy of the results can he determined by analyzin,, the effects
of each variable on the total results. The total differential of the moment
of inertia

I, where I = f (W, L, K, T), is (108)
dI = 7171'r°’- (T2LdW + T?WdL + T?dK + (WL + K) 2TdT) (109)

where I ¢f Equation 105 is used, Equation 109 will yield the maximum
error in I for a specific experiment if the maximum errors of in W, L,
K and T are subatituted for dW, dL., dK and dT. The following tolerances,

dW = 0.1 pound

dL = 0.1 inch .
dK = 0, 0] inch-pournds/radians

dT = 0.001 seconds

along with typical test results used in Equation 108 yields
dI = 2, 134 inch-pounds/, radian,

and the total error of the moment of inertia result ir approximately 0.2%.
This percentage error is a typical value to show the accuracy of the system,

2.5.3 Test Results

2.5.3.1 Experimental: Table 26 shows a complete listing of the results of
mass properties of liquids test program, The majority of the items listed
in the table are self explanatory but a few that might nov Le obvidus will

be explained in more detail,

The water weight is the amount of water in the tank measured to the
nearest tenth of a pound, The aspect ratio is the ratio of the water height
to the tank diameter, In a cylindrical tank the water height is considered
from the tank bottom bhut with a hemispherical bottom a different reference
level must be used, For a complete solution to the problem the water height
should be tuken from the bottom of the hemispherical segment, This method
is very complicated and time consuming; therefore, an alternate method will
he used, This method is described in Reference 1. This report states that
the use of an equivalent flat bottom, where equal volumes of liquid are used,
is justifiable for tanks with non-flat bottoms, except for extremely shallow
fluid depths (h/d < < ,25), The conversion from the hemispherical
bottom to an equivalent flat bottom cylindrical tank is shown in Figure 63
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along with other tank dimensions. The various aspect ratios are taken with
respect to this bottom,

The system weight, W is the weight of the empty tank plue the amount ‘
of water in it, i

The system center of gravity from the pivot point, L and the moment
of inertia of an equivalent solid, IS were derived from theoretical calcu-
lations. The center of gravity of the system was determined by using the
standard mass distributiorn formula. The moment of inertia of aa equivalent
solid was determined by using

2 2

I=Ihemi * Mhemi Lhemi * Icyl + Mcyl I"cyl (110}
where

2

Lemi = 0+ 26 Mk (111)
and

1 M, b® N (112)

S —_—
cyl T,

The quantities Lygnj @nd L, are the distance from the center of gravity
of cach object to the pivot point, For the case of the empty tank the moment
of inertia was determined experimentally., This was accomplished in the
standard manner by oscillating the tank from the overhead '"I'' beam on a
torsion rod and measuring the period, The moment of incctia of the empty
tank was also calcilated from tank measurements but due to the rough
construction of the tank this method was considered inadequate. For the
100 pound load the hemisphere was not completely filled; therefore,
Equation 110 could not be used and

I=1Igeq+ Mgeg Lgeg (113)
where
5] B 3
r-mpr® [om® 10w s 16] 114)
seg 60 R°® R° R (

had to be used, Equation 114 had to be derived because it is not included
in any handbooks, The term Lgq, is the distance between the center of
gravity of the he'nispherical segment and the pivot point,
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The period T is the experimental period obtained from the oscillating
system, It 1s used in

T .
I= (WL-!—K);__?_ (115
T

to calculate the moment of inertia, Ip of the system. W and L in Equation 115
have previously been described and K is the rod constant of the particular

rod used. Tue ratio j.F/Is shows the effect of using liquid instead of a solid

in determining mcments of inertia,

Figure 64 shows a plot ol moment of inertia versus aspect ratio and
Figure 65 shows the ratio of Liiguid to Isolid versus aspect ratin, The results
of this test program will be discussed in more detail in the conclusion after
the theoretical approach has been discussed.

2.5,3.2 Theoretical: In order to understand the basic foundation of the
theoretical approach a brief review of basic hydrodynamics was undertaken.
The equations cf incrion of a liquid can be cbtained by using the m<thcd of
Euler, This method investigates the knowledge of the velocity, the pressure
and the density at all points of space occupied by the liquid for all instarnts,
Let u, v, w be the velocity components of x, y, z at time t parallel to the
co-ordinate axis as shown below,

y

w X
_— =

The values u, v, w are finite and continuous functions of x,y, z. The values

du v w c‘:u’ ov E.’XV_, du du ow

Ax ox % -5; B_y ay 3z Bz oz
arc assumed everywhere to be finite, Let n be the pressure, othe dens’

and X, Y, Z the components of the extraneous forces per unit mass at poin
X, y, z at time t, The equations of motion are derived by examining an
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element of liquid bound by 6 x, 8 y, 0 z as shown below.

0z

by Y, z)

ox center

The rate at which the x-component of the momentum is increasing in the
x direction is given by

du
p 6x Oy 6z S¥.
y dt
The extra- cous forces in the x direction are given by p 6x 6y 5z X, The
pressure on the by 6z faces are
(p-1/2 2P . bx) by 62
ox
and

(p+1/2 OP . 6x) by 62
Ax

respectively from the origin outward, Therefore the resultant pressure is
their difference

- 2p
Sx bx by 6= .
The e¢quation of motion for the x direction is obtained by surmnming all the

forces, is

pox by 6z 39 = pbx 6y bz X - 2P 6x 0y 6z.
dt ox



Substitute
du o %v ., g 2u . 08, 2y
dt ot 3x dy dz (117
the total differential of ulx, y, z, t) in the above equation, now becomes
KL RN S R Y S (118)
3t ax dy 3z p ox
Likewise for the y and z directions:
v av v ov 1 2p
—_— O e vv— W =Y -
3t TV Ty TV Yooy (119)
9w L 3w W, 0w, 109
3t ax Ay dz T T p Bz (120)

The equations along vith the conservation of mass must be satisfied foz any
liquid system., The conditions that must be satisfied for the conservation of
mass can be describted by considering an element of liquid as shown.

Yy
pu - 2pu) B SR Y IR SR t/-N I
ax 2 5v )_‘Pu 3 x !

M ] . o e i
-~
_/

-7 6z
6x

X

If the change in velocity with distance is considered, the rate of mass flux
zcross face 0y 6z is

.. 3(pu) ox
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and

(pu + 2(pu) 8% ) 5y 55
Ax 2

as chown, The net rate of influx of mast into the element is their dilicrznce

-2 (pu) ox oy 6z,
ox

Likewise, for the other two faces

(
-—a—ﬁ') bx 6y 1z

w)
- g-a(-g—— Ox by 6z,

The sum of these three must equal ti.c total change of mass

_ 9 {(pu) 3 (pv) , 3 (pw) _ 3(p 6x by 6z) 2
™ + 3y + ¥ bx by 8z = —-—~L—at (121)
or 3(pu _3d(pv) 3 (pwi _ 3p
x> ey P Y (122)

This is tlie equation of continuity, For a homogenous incompressible fluid
the density is independent of time and space; therefore, the abuve equation
reduces to

du oV , ow
— — =0, 23
x dy ¥ 3z 0 (1z3)

For an incompressible, non viscous, irroiniional, homoegenou.. liquid,
i, e. a perfect liquid, a function called the velocity potential can be used. This
velocity potential § is analogous to potentials such as that of gravitational
attraction and electrostatic, forces, and satisfies the relations

ws x2P (124)
27X

) (125)
oy

140



The continuity equation now becomes

¥ g %
%2 Byz

This equation is also called the Laplacian and is represented by

v g

These equations describine the velocity potential also yield

oy

- 0.

By'

%9
* 22

0.

(126)

(127)

(123)

(129)

(130)

(131)

which can be substituted in the three previous equations of motion to give

%9 . 3du
axat | Y x
%9 , ,2u
dyot 3y
%0 du
oot | Y3z

In most cares the extraneous forces X, Y, Z have a potential

X =

:IvE
dx

.2
ay

30

--az

+v£ _a-.‘f

ax TV

v Sw
+ — —
vay+wby
L A LN
vzt Ve 7

=X

zZ -

141

_1
p px

1
©

ep

2p
-]

(132)

(133)

{134)

(135)

(136)

(137)
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Using this assumption and integrating the previous equations with respect
to x, y, and z respectively gives

3 L v W

a_t+-2_ +-2— +—2-——-ﬂ-%+Fl(t) (138)
2 2 2

R R RN >

3P , v v wE P 4

R A A A U S AL 1o

Since F;, F,, and F'; are arbitrary constants of integration, let F) = F, =
F3 = F; therefore, the three equations above reduce to

) »
%’.+Ezi+"?+i"zf=-n-%+r(t) (141)

which is Euler's equation, Euler's equation along with the continuity equation
are the two basic equations necessary for solving the hydrodynamic problems
of sloshing.

The two basic equations, Equations 127 and 141, will now be applied to
a cylindrical tank performing rotationai motion, Since the tank is a cylinder
the best coordinate system to use is the cylindrical coordinate system, The
I.aplacian in cylindrical coordinates is

g_ig+1;%¢§+;12_§%g+g_aﬁzo {142)
where

x=rcos 6 (143)
and

y=rsin @ (144)

has been used.
To find the velocity potential ¢ for the specific system, the Laplacian

must satisify the specific boundary condition dictated by the system. Since
the liquid cannot penetrate the wall or the bottorr:, the liquid velocity component
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normal to the tank surface must equal the velocity of the tank surface normal
to itself, As the tank rotates as shown in Figure 66 about the center of gravity
of the liquid the foilowing conditions must be satisified

> .
?—f-:-iweoelwtzcosﬂ fuorr=a {145) ~
and :
?— = iwq, @t cosp forz: - h/z. (146)
z

where 6, is a small angular displacement about the center of gravity.
The free liquid surtace motion must also satisify certain restrictions
derived from Euler's equaticn, Equation 141, If the z axis is oriented

vertically along the longitudinal axis of the tank the only ex*raneous forces
acting on the tank is that of gravity; therefore,

Q=gz (147)

Since F(t) is arbitrary it can be included in

culoz
+ls

The motion being considered is assumed to be small; therefore, 1/2 q° can -
be neglected, row Equation 141 becomes

= P ;
P=p (X -« . 148
p(at t2z) ( )

At the liquid surface

B (149)

because the pressure variation must be zero,

But
dP-3P, 3P ;v 3P , L3P .o atz1/2 (150)
dt ot dr r 36 oz
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Now Egquation 148, 149 and 150 yield

-a =0
(_t"“' '3t at)
but
0z . w =220
ot oz
therefore
P 3%p - A
3t P (W b3t
or

(151)

(152)

(153)

(154)

Equation 154 along with Equaticn 145 and 146 are the three boundary conditions
necessary to solve for the velocity potential in the Laplace equation, Equation 142,

The solution of this problem has been derived by many authors; therefore,
only the results of the derivations will be listed here to save time. Dr, Helmut
Bauer who was formerly with the Aeroballistics Lab of the Dynamics Analysis

Branch at MSFC has done extensive
this problem; therefore, the results

For a pitching motion about th
potential is

P(r, 6, z, t) = -iweoeiwt a® co

r

En 7
8 h
E “a . h(E_ =
n =T )°°°<na)

research into the theoretical approach to
of some of his works will be used,

e y axis as shown in Figure 65 the velocity

1
+
86. { Zzl(‘n"':"ﬁ
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FIGURE 66 ROTATIONAL MOTION OF A PARTIALLY FILLED TANK ABOUT
THE LIQUIDS CENTER OF GRAVITY
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where
a = tank radius
b - acceleration in z direction
I - liguid height
« = forced frequency

w, = ;J-E E, tanh(En §)= natvral frequency

E_ = zeros of the first derivative of the Bessel function of first order
and first kind

Equatio: 155 is the same as Equation 59 of Reference 2. To find the moment

of inertia of the system first the moment must be found., By using

M=18 =- w36l 1156)
the moment of inertia can be found, The moment is obtained by finding the
pressures at the bottom and walls of the tank, then by integrating the pressure
component over the tank surfaces the fluid fcrce on the tank wal® can be
obtained. The moment is obtained from the fluid force by using the moment,
force, lever arm relationship. The moment becomes

- w3 it 2 1 (D 1 b 4
M= -w8,e"" ma [IZ(a) 8 To%h % 2l

i 2
. — h

€2 (EZ - 1} (@ - 1) cosh B {(En aw7B) (=% g " cosh B

1 h 5b 4 \ .
Y\ 3 "Zaw? “Eg/) °b 5}] (157)

where

a=%p

w
B = Enh
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Equation 157 is the same as Equation 66 of Reference 2. The moment of inertia
is now obtained from Equation 156 and becomes

@«
I:maz[_l_<h\2+lj +2ma® T 1

12 \a / 4 n=1 Eg (Ej - 1) (® - 1)
2 4a 2 R 5a° B tanh B z 4tanh B
- : +2+ 0 3 - 158
Cosh B Bsint B PBtanh B F3 B (158)

If the damping is introduced as shown in Reference 3, Equation 36b, Equation 158
above now becomes

-4
. 2
I = ma® I’_L (.13) +_!..].- 2ma® T - 1 _
Lliz \a 4] n=1 Eq (Ef - N {a® -1+iga)
2 ___4® . 5&° ,,,Btanh3 _3,2_ 4tanh
cosh B B sinh B B tanh B 4
(159)
where g is the damping factor,
Since the moment of inertia of a cylindrical solid is
2

H=ma? |l Ry "+ 1 (160)

! 12 ( a ) 4
Equation 159 can be written as

I=1 + I2 (161)
where

x
2
I, = 2ma® T 1 z -t
2 nel ES(EZ-1)(@° -14iga) Jcosh B B sinh B
2
. _oa .2.B8tank B 5,2 4tarh 8 (162)

B tanh B 4 B
is the effective moment of inertia contributed by the liquid.
Equation 159 is the moment of inertia of a partiaily filled cylindrical tank
about the liquids center of gravity., The experimental data was obtained for a

point of rotation displaced from the center of gravity, The parallel axis
theorem can be used to transfer the moment of inertia from the liquids center

149




of gravity to a displaced parallel axis., I the transfer axis theorem is used
the moment of inertia equation becomes

I=1,+1;+ ML?Z (165}

where I, and I, have previously been defired and ML? is the transfer relation-
ship. Tzble 26A shows the results of the theoretical calculations for a period
of 1,5 seconds, a damping factor of 0,5 and for five aspect ratios. The
damping factor of 0,5 was obtained from previous experimental work per-
formed by the Aeroballistics Laboratory, Iis the totsl thecrctical moment

of inertia of the systimn Where the moment of inertia of the empty tank has
been included. The ratios o: Iliquid to I_,1iq for both theoretical and experi-
mental are showr in the last two columns,

A plot of the theoretical and experimental results is shown in Figure 67,

2.5.4 Conclusions: The results of this test program verified some properties
of dynamic liquid containers and also produced some new results. The fact
that the moment of inertia of a liquid is frequenrcy dependent was verified as
shown in Figure 6, For angular velocities of w = 3.1 to 4, 8 vadians per
second the moment of inertias of the liquid remain relatively constant, For
an angular velocity of w = 6, 3 radian per second the moment of inertia has

a much iarger deviation, The deviation is very large at small aspect ratios
because splashing occurred, Splashing differs from slosbing in that some
liquid frees itself from the liquid surface in splashing while in sloshing the
liquid surface is continuous, The violent motion p oduced by splasking

causes the effective moment of inertia to differ greatly because variable
frequencies of nscillation are produced, For larger aspect ratics the curve
for w = 6. ; radian per second more nearly res embles the curves for smaller
angular velocities because less liquid is being splashed as compared to lower
levels. Since splashing creates many problems and normally is not a factor
in considering the dynamics of liquid fuel tanks this data will not be included in
the remaining analysis.

Figure 68 shows the plots of experimental data for w = 3. 14 and two
theoretical curves. Curve Ig depicts the moment of inertia of the same
liquid system if the liquid were a solid. Curve I' is obtained by subtracting
the moment of inertia of a spherical segment from the moment of inertia of
the theoretical solid for various aspect ratios, This approach is hasec on
the fact that a certain amount of liquid in the center of the tank is not con-
strained to move; therefore, it does nut contribute to the moment of inertia.
This curve lias the same shape as the experimental curve but not the proper
magnitude, but this is undersiandable because nune of the other sloshing factors
which can change the moment of inertia have been coasidered.
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Table 26A Results of Theoretical Calculations

> Theoretical LExperimental
h/d H I?_ ML I II_../IS IF/IS
0.489 24.3 + 2.4 6£30.3 929.9 1.003 1.61
0.995 86. 6 - 2.5 858.2 1,215.3 0.997 0.95
1.506 236.7 - 5.2 795.8 1.300.2 0.996 0.89
2.017 480.7 + 7.8 563.7 1,325.2 1,006 0. 86
2.528 890.0 226 5 277.1 1,466.6 1.01¢ G. 86
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One new result which was obtained from the test program was the fact
that the standard transfer formula for moments of inertia does not apply for
liquids, A comparison cf the experimental ard theoretical as shown in
Figure 67 reveals that the theoretical approach is nct correct, This is
understandable by examining Table 26. For small aspect ratios the experi-
mental and theoretical data are relatively the same because the transfer
term ML? is the predominant factor and is common to both., The slosh
effect in this case is so small that it dves not contribute much to the over
all result,

As the aspect raiio increaes the moment of inertia of the liquid about
its center of gravity, I approaches the magnitude of the transfer term ML?
and; therefore, has a predominant effect on the total moment of inertia,
For these liquid levels the slosh has an effect on the moment of inertia as
shown in the experimental curve in Figure 67. The theoretical determination
does not show this effect because the slosh term was calculated about the
center of gravity of the liquid instead of the axis of rotation, Since liquids
do not conform to the same rules as solids in moment of inertia determination
the standard trans‘er formula is completely inadequate for use with liquids.
In order to obtain the correct moment of inertia theoretically either a new
transfer expressiu:: must be derived or new boundary conditions must be
appiied, A general transfer formula for liquids would be the best approach
but it would also be the most difficult, If a iiquid transfer formula could
be derived it would greatly advance the state of the art in moment of inertia
determination of liquids, If this approach proves too difficult, new boundary
conditions that will replace Equations 145 and 146 can be used with Equations
142 and 154 to derive an expression for the moment of inertia about a displaced
axis,

2,5,5 Recommendations: In view of the fact that the transfer formula does

not yield accurate values for liquid moments cf inertia, further research should

be made into this problem. Additional experimental results can easily be

obtained from the existing test equipment with possible small modification,

Testing can also be performed using nine government furnished cylindrical

tanks with nine different aspect ratios, These tanks can readily be adapted to

fit the air bearing table at different pivot points to test the effect of trans-

ferred axes on filled containers. A rigorous theoretical investigation can then

be performed to derive the correct exprescion for transferring liquid moments ‘
of inertia,

2.6 CENTER OF GRAVITY |
2,6.1 Background: In order to assure proper mass distribution for optimum

flight performance of the Satura V, it is necessary to know the precise weight
and center of gravity iocation for all components of the vehicle., In the past, !

Je—
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efforts at locating the center of gravity of objects have largely been confined
to mathematical calculations, use of knife-edge balances, tension or com-
pression of load cells by the object combined with a mathematical solution of
the summation of moments, and the use of strain gage moment detectors.

Each of the above methods of center of gravity locating nas limitations
that introduce errurs into the final result.

The mathematical method is limited in that it can become a long and
laborious task subject to simplifying assumptions, such as, the uniformity
of density of the materials involved. Mathematical calculations of the
center of gravity can be accurate provided the object is homogeneous, and
has accarately machined surfaces that are flat, parallel, and perpendicular
to each other, This is seldom the case with mechanical or electronic equip-
ment or any object that the location of its center of gravity. is desired.

When the knife-edge method is used the system is almost always
unstable and therefore, the object cannot be balanced on the knife-edge.
It then becomes a matter of an intelligent guess as to when the knife edge
is as close to the center of gravity plane of the object as desired for a
particular allowable tolerance. The test object may also be large, heavy
and difficult to handle for this method to be used. Friction between the
radius edge of the knife-edge and the test object or supporting fixture can
cause error in the final results. N

Load cells and strain gage moment detectors are limited in their
accuracy. Most manufacturers will not specify more than 0. 1% of capacity.
This accuracy limitation is due largely to energy loss in the form of heat
and hysteresis effects,

The SPACO Mass Metrology Laboratory, on contract NAS8-11314, has
developed a method of center of gravity location that utilizes a spherical
segment air bearing aand optical measuring equipment,

This system is limited only by the accuracy of levels and the optical
measuring equipment, A small error is introduced by the air friction
against the spherical ball segme t of the air bearing. This friction error
is not expected to be significant except when testing very light objects. The
accuracy of the levels, which are mounted to the object support surface,
is 12 seconds and the opticél equipment is capable of measurements of 1 0,001
inch,

This laboratory also uses a moment detector system, in conjunction
with the optical system for center of gravity locations, where an accuracy
beyond 0.01 inch is not required,




2.6.2 System Description: The center of gravity program consists of three
subprograms. These subprograms are referred to as the Optical System,
Bytrex System and Spherical-Segment Air Bearing System.

This section is composed of a discussion of each subprogram with the
purpose of revealing the progress that has been made on the Center of Gravity

program

2,6.2,1 Optical System: Due to the need for a measuring system that could
conveniently be used to locate the distance of the center of gravity of objects,
of varying shapes and sizes, with respect to any reference point on the object
itself, the following optical equipment was purchased from Brunson Instrument
Co., Kansas City, Mo.

(1) #76 Optical telescope transit square assembly with a two inch
minimum focusing range, a hollow vertical spindle, #190 optical
micrometer, #195-T coincidence leveling vial, #191 projection
reticle and fixed elbow eyepiece,

(2) #200-10-AM tooling bar assembly with two spec.ul support
stands having 19 inches travel and a height of 35 inches, and
telescope carriage.

(3) Miscellaneous equipment: #187 box level, #185 stellite mirror,
three tulls eye leveling vials, #197-H mounting ring, #235-5 theo-
dolite adapter, #708 Bi-filar target, #721 decal target, #717 plug
type end view target, #706 side view target and a #709 bulls-eye
target,

The system consists basically of a 10 ft tooling bar extrusion
mounted on two mobile tooling bar stands, a master index bar, a scale and
vernier, a telescope carriage, a telescopic transit square, and a colli-
mation mirror, (See Figure 69.)

The main telescope is provided with a special short focus (1 inch from
micrometer to infinity), so that full advaniage can be made of the angular
resolution when making measurements.

A cross telescope is used, in conjunction with a collimation mirror,
for establishing the sighting plane of the main telescope perpendicular to
the tooling bar, Special brackets were designed and built for mounting the
mirror to the toolirg bar.

The transit has a hollow v. rtical spindle which will allow vertical
sightings from the tooling bar if the transit is mounted to a special offset
bracket,
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An optical micrometer is provided in the main telescope and is used
for bucking in the transit when a set up is made,.

Tests were.conducted, using a Brunson Line Scope (#1172) for colli-
mation, to determine tlie accuracy of measurement taken with this system.
The tests were completed on February 15, 1965. The test procedure is
located in Appendix C}, and the data is recorded in Table </,

The results of these tests indicate that a distance, between clearly
defined points, can be measured to within t 0.001 inch with the present
optical system,

A new alignment system, which includes a mirror mounted on one
end of the tooling bar positioned suach that the face of the mirror is perpendi-
cular to the line of sight of the cross telescope was installed to replace the
line telescope., Testing similar to that conducted in the Optical System
Program was performed for comparison of accuracy of the new alignment
system against the original method of using the line telescope. This test
was completed on February 19, 1965, The test procedure is located in
Appendix C2, and the data recorded is in Table 28, '

The results of these tests indicate that the accuracy of the system was
not affected by the change in the method of collimating the telescope.

This method of collimation was selected because it was the least
expensive, easier to set up, and requires less floor space for operation.

The present optical system has an accuracy of 1 0.001 inch using
extreme care when operating., If an accuracy of 1 0.001 inch is to be
obtained in locating the center of gravity of objects, the measuring system
must have an accuracy better than I 0, 001 inch if any other errors are
introduced into tiie test, Therefore, development of a more accurate
dimension measuring system is needed to allow taking advantage of improve-
ments in the state of the art in other parts of the center of gravity determi-
nation system.

2.6,2.2 Moment Detection (Bytrex) System for Location of Center of Gravity:

It was desirable to develop a system that could be used for rapidly
locating the center of gravity of large and heavy objects where exteme accu-
racy would not be required,

A moment deteccion system was considered to be the least expensive

as the major components of such a system could be purchased and would
not have to be developed by the laboratory.
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The equipment that was purchased consists of a 25 in. -1b and a 250
in, -1b Moment Detection Unit and an Instrumentation and Power Suppiy
Unit., These items were m2anufactured ty the Bytrex Corporation, Newton,
Massachusetis. The moment detector produces an electrical signal directly
proportional to any unbalance moment about its center, It has two perpendi-
cular axes of sensitivity and resolves unbalance moments into two compon-
ents. The portable instrumentation and power supply unit amplifies the
electricai signals to a level high enough to drive a meter movement, A 2ero
suppression arrangement extends the effective r.nge of the meter, The
related equipment furnished by the Mass Metrology Laboratory includes two
new test object support surfaces and a support and leveling stand that incor-
porates four cverload protecticn 2rms.,

With this system, the center of gravily of an object can be located by:
(1) placing object cn the mument detector support surface
(2) rezding the unbalance moment
(3) dividing the unbalance momeni by the weight of the object.

The moment detector indicates the unbalance moment in two perpendicular
axes., The test object must be repositionsd to locate the center of gravity
relative to a third axis. -

Figure 70 is provided to show the Moment Detection System component
relotion. The system as shown was completed on December 3, 1954, The
following s a description of each component of the present system.

2,6.2.2.1 Test Object Support Surface: The test object support surface

is an 18 inch square, 1/2-inch thick, hard anodized aluminum platc. It
is inscribed with perpendicular positioning lines which run from +x to -x

and from +y to -y.

2,6,2,2,2 Support and Leveling Stand: A stand to support and level the
moment detector was added to the system. The moment detector must be
leveled before reliable results can be obtained. The support surface is
positioned at a convenient height for testing large and heavy test specimens.

2,6.2.2,3 Overload Protection Supports: Four protection supports protect
the moment detectcr against overioad damage. These support arms are
designed to take-over when an object weighing more than 250 in. -1b is
placed on the test object support surface.
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2.6.2.2.4 Moment Detector Unit: The moment detector consists essentially
of a vertical bending element bolted to two horizontal plates. The bending
element has eight bonded wire strain gages cemented to it to sense bending
strains. These gages are mounted into two separate Wheatstone Bridges,
each composed of four gages mounted two and two on opposite sides of the
neutral bending axis. These gages change their electrical resistances
proportional to strain, and electrically unbalance the Wheatstone bridge.
When voltage is applied across two corners of the Wheatstone bridge, an
output voltage directly proportional tc bridge unbalance appears across

the output connections.

The object support surface, fastened to the top of the bending element,
is machined and positioned so that its edges are precisely located with respect
to the centerline of the moment detector. The bottom plate is drilled so that
the detector may be bolted down. A rugged cylindrical cover encircles the
bending element.

These detectors can withstand a vertical load ten times their moment
rating. The accuracy of the unbalance moment reading is not affected by the
vertical load.

2,6.2,2,5 Instrumentation and Power Supply Unit: This unit operates on
four flashlight batteries which give about 100 hours of service, Its basic
components are an oscillator which supplies voltage to the strain gage
bridge, a detector, an amplifier, and a meter. Feedback circuits are used
to achieve maximum stability. The principal operating controls of the
unbalance indicator are an operation selector switch; an add-to reading
switch, which is used to increase the range of the meter and select proper
polarity; a meter adjust control, which is used to set the amplifier gain;
two zero sets, one each for the x-x and y-y axis to bring the meter vo zero
with no applied unbalance; and two span controls, one each for the x-x and
y-y axis used to set the calibration of the system.

The indicator and moment detector are connecied by a 20 foor ci.ble
with connectors at each end.

The indicator reads in percent of in, -Ib of full range of the detector.
For example, an 80 percent reading with the 25 in. -lb detector ind!cates
an unbalance of 20 in. -1b about the center line of the detector,

2,6,2,2,6 System Accuracy: The accuracy of the Moment Detection System
is affected by the weight of the test specimen., As the weight of thc specimen
decreases, the absolute value of the unbalance moment that must be indicated
for a given accuracy of the center of gravity location also decreases, For
example, on a 4000 pound test specimen, the unbalance moment must be
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determined to 4 in. -1b to locate the center of gravity to 0,001 inch, If the
test specimen weighs 1000 pounds the unbalance moment must be known to
1 in, -1b for the same 0,001 inch, center of gravity location.

The manufacturer states that the unbalance readings are accurate to
+1 percent of indication or ¥ 0.25 in. -1b on the 25 in. -1b unit and 2.50 in. -1b
for the 250 in. -1b unit.

Error analyses tests were run on the two ""Bytrex' units. Out of
fifteen (15) readings the average error in the 25 in, -1t unit was 0,007 in.
From nine (9) readings, the average error of the 250 in. -1b unit was 0. 003
in. Each unit was first calibrated above 95% of scale reading.

It will be possible to measure the center of gravity to the nearest
0.01 inck on the 250 in. -1b unit with care. However, it will require great
care to obtain this accuracy on tke 25 in, -lb unit.

The test procedure is located in Appendix C3, and the data is recorded
in Table 29 and 30, Figure 71 presents a graph depicting indicaied moment
versus actual moment 25 in, -1b detector, whiie Figure 72 presents a graph
using the 250 in-1b detector.

A test was also conducied ca February 25, 1965, to determine the
accuracy of locating the center of gravity of a test specriruen using the
optical system with the Bytrex system. The game test specimen, a brass
Llock, was used as in a previous test where depth gages were used for
measurements o1 dimensions.

In the previous test, measurements were taken from the edge of the
brass biock to the center of the Bytrex unit, The block had to be positioned
parallel to a plane thrnugh the cernter of the moment detector for this
measurement to be of any value in locating the center of gravity of the
specimen. Locarting the center of gravity of the specimen, by ineasuring
from scribed cross-marks, eliminates the necessity of th: block being in
this parallel position, thus removing a source of errcr, This can be easily
done when using the optical telescope.

Eleven readings were taken, ten represeating approximately 10%
intervals of unbalance moment and the last reading at 5% of unbalance
moment,

These readings produced an average error of 0,303 inch in locating center
of gravity as compared to an average error of 0,009 inch in the test using
depth gages. This represents an increase in -.ccuracy of better than 60%.
The tests were made using the s=nic moment detector (25 in. -ib ), the same
specimen (brass block), 2ud at the same room temperature of 70°F,
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The test procedure is located in Appendix C4, and the test data is
recorded in Table 31,

Table 31 Bytrex Test

Date: 2-25-65 Temr  70°
PRELIMINARY BYTREX TEST
USING OPTICAL MEASURING
R H 36%
Run Indicated Actual Indicated Error
No. Unbalance C G From C G From
% ia-1b Bytrex Center Bytrex Center {in.)
(in.) (in.)
1 94.5 3,469 3.468 0.001
2 85.5 3.137 3.138 0.001
3 75.3 2,764 2,763 0,001
4 65,7 2.415 2.411 0.004
.5 55.1 2,020 2,022 0.002
6 45,1 1.652 1.655 0,003
7 34,7 1,275 1.273 0.002
8 25.0 0.910 0.917 0.007
9 15,2 C.550 0,558 0.008
10 10.1 0. 366 0.371 0,005
11 5.0 0.184 0,182 0.001
AVG, ERROR 0.003
MAX, ERROR 0.008

Based on the results of the above tests, it is recommended that the
Bytrex stand be modified to allow 90° rotation of the Bytrex unit, This
will permit measurement in two axes using the optical equipment, w:.hout
disturbing the position of the test specimen relaiive to the support surface,
The design and fabrication drawings for this modification have been completed.

Another modification is suggested that would involve the addition of a
weight sensing device at the base of the moment detection unit to measure
the test object weight at the same time the unbalance moment is being recorded.
The major advantage of such a system is that it readily lends itself to a system
for automatic read-out of the center of gravity locations from a constant
reference point on the object support surface.
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This automatic system wili require only an electronic ci+cuit that
would perform the following mathematical operation:

Unbalance Detector Distance irom
Moment X Capacity - Detector Center
Indication To Reference Point

Test Object Weight

A prototype system could be developed and evaluated, using the
company owned PACE analog computer,

Performance tests of the system would also be performed to establish
the system accuracy and develop a set of performance curves, These per-
formance curves would consist of plots of acduracy ve weight of test object
and accuracy vs center of gravity elevation of test object. The objective
of this modification is to perfect a system which will be relatively immune
to human errors in operation of thes test equipment.

2,6.2.3 Air Bearing Table for Location of Center of Gravity: The air
bearing table consist of: (See Figure 73.)

(1) A test object support surface

(2) A spherical-segment air bearing

(3) Three stapilizing air cylinders

(4) An air cylinder control valve.

{5) A support and leveling stand

(6} A test object positioner

With this system, the center of gravity of an object can be located by

placing the test cbject on the support surface and positioning the object
until the support surface becomes and remains level,

i

¥ The support surface, attached to a segment of a hard-anodized, alumi-
. num, spnere, is supported by air pressure.

% The air bearing"éan be safely operated using 10 psi to 60 psi of air

8 pressure,

g

% Wlen a test specimen is being supported in a level position, the center
of gravity of the specimen is then coincident with the pre~-determined centex
; of gravity of the system,

?

&
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MICROMETER POSITIONER 7

— TEST OBJECT SUPPORT SURFACE i

SPHERICAL-SEGMENTED HORIZONTAL =T
< AIR BEARING ADJUSTMENT SHAFT -

@»!

LEVELS -~ |

_ AR \\,{—4:1)
" CYLINDER
CONTROL Y

VALVE
.
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STABILIZING ——
AIR CYLINDERS

— ROTATING ARM \
. \

VERTIC .. \

1 ADJUSTMENT SHAFT —

|
| .
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‘ .
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FIGURE 73 SPHEFICAL AIR BEARING TABLE FOR CENTER OF GRAVITY
DETERMINATION
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2.6.2,3.1 Equipment Description

2.6.2.3.1.1 Test Object Support Surface: Two support “urfaces are used.

One is a 24 inch diameter x 1/2 inch thick hard-anodized aluminum plate,

which is lapped to a flatness of . 0005 inch and the cther a 24 inch

diameter x 1 inch thick surface composed of two 1/16 inch thick hard-anodized
aluminum sheets bended to each side of a honeycomb core and lapped to 0. 0005
inch ilatness. The aluminum support surface is for use with heavy test objects.
This aluminum support surface is used to prevent objects having feet, pads,

or other small suppcrts from rupturing the honeycomb core., A light-weight
support surface is needed to increase the sensitivity of the system when

small or light objects are to he tested.

These object support surfaces fasten to the spherical segments of
hard-anodized aluminum by means of four 1/4 diameter flat head stainless
steel screws,

2.6.2,3,1,2 Spherical-Segment Air Rearing: The air bearing consists of
a segment of a 5 inch nominal radius, hard-anodized, aluminum cup. The
cup is fastened into a siainless steel air chamber. The cup and ball are
lapped to a roundness of 4 millionths of an inch,

The air for operation of the bearing is filtered to 7 microns and
supplied to the air chamber of the bearing through 1/8 inck O.D. nylon
tubing. The air then passes through a series of very small holes in the
cup and forces the ball to ride on a layer of air with no metal contact.
A 1/4 diameter hole ir the center of the cup allows air to enter a sealed
air chamber below the bearing.

Tnis chamber of air dampens vibrations of the ball caused by air
flow,

2. teflon ring zround the edge of the cup prevents contact betwcen the
ball and cup wheo the air supply is off.

2.6.2.3.1.3 Stabilizing Air Cyliaders: Three air cylinders are mounted,
1202 apart, below the object support surface. These cylinders have a 1/2
inch diameter bore and a 1 inch stroke and are used to stabilize the object
support surface while a test object is being repositioned. Each cylinder

has an individual needle valve used to control the rate of plunger travel.

It is wecessary that the three cylinders make contact with the suppc ¢t surface
at a: ‘roximately the same t.me, This is necessary to prevent tipp.ag of the
<upr .rt surface and causing unwarted movements of the test object,
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2.6.2.3,1.4 Air Cylinder Control Valve: The air cylinder controi valve is
used to control air flow to the three air cylinders. This thrce-way valve has
ports for air input, air extraction and system bleeding.

2,6.2.3,1.5 Suppert and Leveling Stand: The object support surface is held
28 inches :hove the floor by this support stand and a floor area of 5 sq. ft.
is needed for proper operation of the equipment.

The stand consist of a 7. 25 inch O, D aluminum tube welded to a three
legged base. The base is 1.25 inch tnick steel, machined such that three
arms protrude 8 inches from an 8 inch diameter center section. The three
arms are 120° apart and each contains a leveling pad, Attached to the steel
tube is a4 bearing-supported rotating arm, referred to as the test object
positioner,

2,6.2.3.1.6 Test Object Positioner: The test object positioner consists of
a micrometer, mounted on a 3/4 inch diameter shaft that is movable in a
horizontal direction. The horizontal shaft is held by an adjustable, 1.50
inch diameter, vertical shaft. A rotating arm supports the vertical shaft,
This arm extends approximately 16 inches from the center of the stand and
is mounted to the 7. 25 diametcr aluminum tube. The arm is mounted on a
ball bearing and rotates {reely through 360° and may be locked in any
positicn, A micrometer positioner is used to obtain very small movements
of the test objects in order to secure a level condition of the support sarface,

2,6.2.4 Operation: When a test object is positioned on the support surface
suck that a level condition exists, the center of gravity of the test object

is then known to act through the pre-determined, center of gravity of the
systenm. It is then necessary to locate this pilane of acticin tc a rcference
point on the test object, Rotation of the test object and support surface
through an angle of 90° allows the location o1 a second plane to the same
reference point. 7t is then necessary to reposition the test object so that

it rests on a surface or side that is 90° from the initial plane of rest. The
third plane of action can then be located from the reference point,

2,6,2.5 Evaluation: Final assembly of the present system was completed
on May 19, 1965 and testing was started immediately. The test procedure
is located in Appendix C5,

The results of the tests are summarized in Table 32, The maximum
location error is the greatest displacement of the center of gravity mark
on the specimen frora the table center, at any point of table rotation. The
repeatability error is the raaximum spread between location errors., It
is apparent from Table 32 that large errors in location of center of gravity
exist, but the causes cannot be determined from this test. The location
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error is in effect a summation of all errors, whether in the system or in the
specimens. Probably ithe largest component is the error in the marks on the
specimens.

Of greater significance is the repeatability of tt.e error readings, which
is in the range of 0.001 to 0. 002 inch. A standard deviation of the six repeat-

ability values was computed, using the equation:
i=n

T (x5 -x)°
s = i=1 (164)
n-1

s = standard deviation

i = test number

n = total number of tests

x; = individual error iz;%adings

z X,
) i

- i=1
X = mean error, =
n

Substituting the repeatability errors from this test into Equation 164 produces

a standard error of 0.0013 inch, which is an indication of the randoin exror
in the spherical air bearing table and optical system. When standards with
more accurate center of gravity location marks are available, tests should
indicate errors approaching tb - standard error.

Attempts were made to correlate the test error with other parameters
such as specimen weight, elevation of the specimen center of gravity, location
of the suspended system center of gravity with respect to the center of rotation
of the spherical bearing, air pressure in the bearing, room temperature, etc.
No clear-cut trends could be detected,

2.6.2.6 Recommendations: From the tests it is concluded rhat the system
has an ultimate accuracy capability approaching t 0.001 inch. The errors in
location of the center of gravity marks on tke specimens obscured much of the
remaining system errors., A large number of additional tests are needed
before a meaningial evaluation of the system can be made,

1t is recommended that the following modifications be made to the air
hearing center of yravity system.
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(1) Larger capacity air cylinders are to be added to the air bearing
table. VWhen the present cylinders are adjusted for slow travel the
rate ci travel cannot be controlled accurately, It is necessary that

all three cylinders arrive at maximum travel at the same time to
prevent tipping of the object support surface and therefore displacing
the test object. The present cylinders also do not have the capacity

to 1ift objects in excess of 300 lbs while adjusted for slow travel, Slow
travel is necessary to prevent large vibrations from disturbing the test
object pusition. Threc air cylinders are needed to support the test
object while it is being poeitioned on the air bearing table.

(2) A new suspended counter-weight system will be added tc the air
bearing table. This system is necessary to correct unstable conditions
of the system created by test objects whose center of gravity and weight

are such that the totai center of gravity of the system (test object included)
is no longer within the area of the spherical bal segment of the air bearing.

The present counter-weight system consists of three 3/8 inch diameter
rods attached to the test object support surface from which various sizes

of weights may be suspended. When large weights are suspended from the

rods and the test object causes the support surface to tilt, permanent
deflections of these rods may cccur, resulting in erronecus center of
grat ity location.

(3} The optical system is to be combined with the air bearing table on
a common base. This design will result in a center of gravity system
that is complete within itself and would require only an air supply for
operation., (See Figure 74}

Tests are to be conducted to determine the accuracy of the modified
equipment and to develop system performance curves. The curves
are to represent the tests made with various air pressures supplied
to the air bearing, arcuracy vs weight, and accuracy vs vertical
elevacion of the center of gravity of the test object.

2.7 FACILITIES AND EQUIPMENT

2.7.1 Description of L.aboratory: Because of the strict specialized require-
ments of the contract work, it was necessary to construct a new facility
expressly for the effort. Construction of the laboratory was started

in June, 1964, and completed in October, 1964, The facility contains 4, 200
square feet of floor area, including a 144 square foot isolation pad. The pad
was built with a separate deep foundation to isolate it from the building
structure. The entire area is kept at a constant temperature and humidity
by a special heating-air conditioning system.
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Access to the laboratory is via one of two air locks which prevent
dilution of thz controlled atmosphere. The main entrance air lock doors
are secured by solenoid operated latches which are electrically interlocked
to prevent simultaneous opening of both doors. The service air lock contains
large overhead donrs for oversize objects.

2.7.2 General Laboratory Improvements: During the course of laboratory
activities on the major tasks, numerous other support projects were accomp-
lished. Most of these were design ard fabrication of equipment to improve
laboratory operations. Some oi the major efiorts are discussed below.

2.7.2.1 Photocell Timing Device: The government-furnished photo electric
period timing device was improved considerably, but further improvement
in the accuracy of the device are required. In order co improve timing
accuracy, the velocity of the light intensity changs cn the face of the photo-
ceil must be such that the time required for a signiiicart intensity change

is small compared to the time being measured. A ztudy of possible methods
was made, and decision was made to pursue the technique of velocity magni-
fication by an optical lever arm. The intent was to project the rotating light
source to a photocell some distance away.

An experimenzal light source was constructed using an inexpensive
Zirconium arc lamp having an arc diameter of 0. 005 inch, and a short focal
length high speed lens. This light source proved to be eff:ctive up to about
25 feet with the photo-diocde as a detector. The system proved to be inferior
in timing accuracy, however, because of a large amount of instability of the
arc. The amount of transverse wander of the arc "vas in fact larger than
the total arc width. In view of these poc: results, the project was abandcned,

The arc instability problem could be solved by using a larger lamp in
conjunction with a suitable aperture to control the size, which would in turn
require a high speed long focal length optical system. Considering the high
equipment cost of such a system, it was decided that efforts would be better
expended along other approaches to the problem., Two proposed methods which
have not yet been evaluated are a laser light source and a high magnification
lzns system for increasing light source defleciion,

2,7.2,2 Capacitive Motion Transducer: In the mass properties of liquids

test program, many of the measurement requirements are identical to those

for the moment of inertia program, Both require measurement f the length

of the oscillation period, and a photcelectric counter was used for both proje. 3.
For amplitude measurement, a device is needed which will indicate the value

of peak angular displacement of the oscillating object, from which an envelope
can be constructed. The capacitive transducer was selected for use both on

the momernt of inertia and the mass properties of liquids program. The
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application to the rmoment of inertia program has been previously described
in paragraph 2.2.4.1. The application to the mass properties of liquids
prograra was accomplished in a somewhat different manner, both mechani-
cally and electrically. Flat capacitor plates rather than cylindrical were
used here and are in a 'twin T" circuit arrangement rather than a modulated
oscillator. The performance of the unit proved to be very satisfactory, f-lly
justifying the effort expended in development.

A complete technical report of the design and testing of the unit is
presented in Appendix D.

2.7.2.3 Analog Computer: Upon the decision to purchase a PACE TR-48
analog computer for the Mass Metrology Laboratory, SPACO embarked on
a program to familiarize the laboratory personnel with operation cf the unit,
Two of the laboratory engineers attended a short course in analog computer
fundamentals given by the manufacturer, Following this, a paper was pre-
pared by one of the engineers, outlining the computer fundamentals for use
by others in the laboratory. This paper is included in this report as
Appendix E.

2.7.2.4 General Laboratory Improvements: Numerous other improvements
were made in the conduct of the laboratory, by virute of improvements in

facilities, some of which are listed below:

1. Leveling plates were installed on the overhead ceiling beam to
improve the accuracy of torsion rod calibration tests.

2. Two air filter regulator units wire designed and constructed for
the air bearing units,

3., An air line pressure drop warning system was designed and
installed.

4, An electrical ground bus was installed for electronic instruments.

5. A hydraulic lift fcr handling dumbbell standards was procixred and
modified,

6. A portable cart was designed and built for transporting and leveling
the laboratory surface plate,

7. Two new moment of inertia standards were built, and the others
were refinished to precision tolerances.

8, Several additional torsion rods were fabricated.
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9. Test standards for the center of gravity and product of inertia
program were designed and built,
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APPENDIX Al
Torsional Pendulum System

The equation of motion ot the torsion system skown in Figure Al-1
about axis 0 - J' is

1 & = T (moment or torque). (AL-1)

The *orque is proportional tc the angle of twist

T = -K 0 (the minus sign shows an opposing force) (A!-2)
Therefore
16+K®eo =0, (Al-3)

A standard solution gives

6 = 85 -os -I]-f t (Al1-4)
where
6, = initial angle,
now
K (Al1-5)
w = ——
1
since
w = 27nf = -?,-]-:,1 ,
then
KT? (A1-6)
1= 3
183
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The develooment of t!? ¢ expressior for the torque and the value
of ¥ is obtained from I igure Al-2. The shearing sirair is the eciongation

divided by the length, or r8 . For sraall angles J = r@ arprexi-
L L

mately. Tlerefore, the strain is approximately equal to §. The torque
associated with the force acting over the area of the cylinder cf radius
r and thickness dr is

dT = (Area) {Stress)(Distance Arm) (A1-T7}

= (2=rdr) (ar6) (r)
L

where the stress is Z&u ¢, and is the modulus of rigidity.

Therefore,
R
T = /ZﬁnOrJdr {a1-8)
S L
and
T = wonR’ (A1-9)
2L ¢
Let
- - Y -
I o= 1-23— , the polar moment of inertia. (A1-10)
Then
T = In@ (Aol
L
or
T = K6 where K = Jn (A1-12)
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The equation of motion of a damped tcrsional penculum system is

I1 8+ C@ + X6 =0 (£i-13)
In solving this equation assume a solution 6 = ebt, Now Equaticn A1-13
becomes

(1b> + Cb + K) et = o, (Ai-119)
and

i/ 2
_ =< c\ K (A:oi5;
0 = 37 2 \ 21/ T (AL-13)

Now ePIt and eY2¢ are both soluitions to Equation Al-i3. The genera!
solution is

6 = CreP2t + ceb2t, (A1-16)

where C; and C; are arbitrary corstants, Two solutizons, realior
complex, are possible--depending or the value of (_(_:_ . If (_E_) >K/1,

2 21
both values of b are real and it can be -r.own that this solution yields
no oscillation but merely a return to equilibrium. For (C}= K,

21 I

the damping is c2alled “critical damping'. For damping less than
critic.l or, C) < K Equation Al-15 can be rewritten as

2I) 1 _
by, = -%' + ] l—f-(%)’ . (A1-17)
Now Equation Al-16 becomes
e = c,e(%:l"jq)& c,e('TcI: - jq)t (A1-18)

where

- C 2‘
a AT -3 - (A1-19)
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Then Equation Al-18 becomes
-Ct
—_ - . ’
6=e 2 (c.e”‘ + Cae ”t) . (A1-29)

Equation A1-19 can be written as

-ct
2l . .. - ..
e {IC {cos gt + i sin qt) + Cy{cos gt = i sin gt}]
-Ct
21
e {

-]
4

L]
1l

Ty + Cj) cos qt +{i C; ~ iC,) sin gt}
-ct

2
0 e I [Ci cos qt + C; sin qt] (Al-21)

where q is defined in Al-19. Using the relationship

Va? + b? sin(wt + #) = a cos wt + b sinwt

Equation Al-21 becomes
-Ce
6 = Ae a sin (qt + @) (A1-22)

where
A = Vel + cf , (A1-23)

is arbitrary and ¢ is arbitrary.
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APPENNDIX A2

Torsion Rod Calibration Test Procedurec

PURPOSE:

EQUIPMENT:

SET UP:

TEST PROCEDURE;:

DATA:

To determine the spring cons.ants of various
torsion rods.

(1) Overhead "'I' beam with leveling plates

(2) Photocell timing device

(3) Hewlett-Packard 524 D Electronic Couiier
(4) Hewlett-Packard 560 A Digital Recorder

{5) Radian scale, light and mirror arrangement.
{6) Dumbbell Standards

(7) Torsion Rod

(1) Turn or electronic equipment for warm up.
(2) Level leveiing plates on ''I' beam.

(3) Mount rod number to the leveling
plates.

(4) Attach dumbbell to rod so that the center
of the dumbbell is on the vertical axis of the
rod,

(5) Place the teflon beusring against the rod
with minimum of pressure,

(6) Dlace the wand on the dumbtell and align
the photcocell and light.

(7) Place radian scale 140 inches from the
center of the air bearing table.

(8) With the rod aligned, table leveled, and
specimens mounted, zero the wand and photo-
cell device and zero the light source on the
radian scale,

(1) Set test up as described in set up.

(2) Gradually displace the dumbbell, increasing
its amp. tude uatil it reaches 0. 05 radians then
release the dumbbell and let it decay to 0,035
radians, At 0.035 racuians start recording data.
Record data until the displacement reaches 0, 001
radians,

(1) Test No, -

(2) Date -

(3) Personne! -

(4) Temperature -

(5) Humidity -

(6) Torsion Rod -

(7) Dumbbell -

(8) Total cycles -

(9) Period read out with displacements -
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NUMBER OF TESTS:

SPECIAL WORK:

Written By:

Approved By:

Date:

(1) Run each test 3 times.

(2) Record the period every 20 cycles for a
10 period average.

(3) Record displacement every 0, 001 radians.

{1) Plot period vs totai cycles.for-eyery period
recorded. Average the-periods betweeing. 002
and 0. 001 radians and record .
{2) Plot period vs displacement at every 0.0
radians,
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APPENDIX A3

Moment of Ine.tia Test P»rocelure

PURPOSE: . To determine the moment of inertia of an
object by using the air bearing table,

EQUIPMENT: (1) Governnient furnished 24 inch air bearing
table,
{2) Photocell timing device
(3) Hewlett-Packard 524 D Counter
(4) Hewlett-Packard 560 A Digital Recorder
%) Radian scale, light and mirror arrangeinent
(6) Torsion Rod
(7) Test Object

SET UP: (1) Turn on electronic eguipment for warm up.
(2) Place the test object on the air bearing
table such that its center of gravity is over the
center of the table,

(3) Set air pressure at 22 psi, )
(4) Level air bearing table on ts: iso-pad.

(5) Mount torsion rod and align it vertically.
(6) Place wand on air neering tabie,

(7) Place radian scale at 140 inches from the
center of the air bearing table.

(8) With rod aligned, table leveled, and
specimens mounted, zero the wand and photo-
cell device and zero the light source on the
radian scale,

TEST PROCEDURE: (1) Set test up as described in set up.
(2) Gradually displace the table, increasing
1its amplitude until it reaches 0, 05 radians then
release the table and let it decay to 0,035
radians, At 0,035 radians start recording d-ta,.
Record data until the displacement reaches 0, 001
radian,

DATA: (1} Test No. -
(2) Date -
(3) Personnel -
(4) Temperature -
(5} Humidity -
(6) Torsion Rod -
(7) Test Object -
(8) Total cycles -
(9) Period read out with displacements -
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NUMBER OF TESTS: {1} Run each test times.
(2) Record pcricd—::;',' 20 cycles for a 10
period av-rage.
{3) Record displacement every 9. 001 radians.
{4} Record total cycles

SPECIAL WORK: 1i} Piot displacement every 6. 001 radi:ns
vs perion every (. 001 radians to the necrest
0. 00001 second.
(2} Piot period vs total cycles for every seriod
recorded. Average period between 0. 002 and
0.001 radians .d record
(3) Plot the loglo of displacement vs total cycles.

Written By:

Approved By:

Date:
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APPENDIX A4

Talb:le Locad and Air Bearing Pressure Test Yrocedure

PURPOSE: To determine the effect of various air pressures
in the table and various loads on the table,

EQUIPMINT: (1) Government furnished 24 inch air bearing
table
(2) Photocell timing device
(3) Hewlert-Packard 524 D Electronic Counter
(4) Hewlett-Packard 560 A Digital Recorder
(5) Radian scale, light and mirror arrar.gement
(6) 100 pound cylindrical weights
(7} Special drag adapter

SET UP: {1} Turn on electronic equipment for warm up.
{2} insert Rod Number |20, level rod and table
on iso-pad. Set air pressure at psi.

(3) fount 100 pounds weights on table as
shown.

FLUSH WITH
TABLE TOP —»

FLUSH WITH
CENTERLINE

FLUSH WITH
TABLE TOP

(4) Place special drag adapte. over weights and
fasten to tahle top.

(5} Flace ra-ian scale 14C inches from the center
of the air bzaring tauvle.

(6) With the rod aligned, table leveled, and
specimens mountrd, zero the wand and ph»tecell
device and zern the light source on the radian

scale.

TEST PROCEDURE: (1) Set test up as described n Set Up.
(2) Gradually displace the tacie, increasing its
amplitude until it r2ches . radiars then
releasc the table and iet it de—ax_y to radian,
At radians star! ~coording data, Recoru
data until the displac-iment L caches  radians.
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DATA:

NUMBER OF TESTS:

SPECIAL WORK:

Written By:

Approved ty:

Date:

(1)
(2
(3)
(4)
(5)
(6)
(7
(8)

(1)

{¢

Test No. -

Date -

Pzrsonnel -

Temperature -

Humidity -

No. of 100 pound cyiiadrical weights -
Total cycles -

. eriod read out with displacements -

Run each test times.
Record the period every 20 cycles for a

1V period average.

(2)

(1)

Record displacement every radians.

Plot period vs total cycles for every per.od

recorded. Average the periods between 0. 002
and 0. 001 radians and record

2\
~1

Plot the lopy of displacement vs total

cycles.
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APPENMDIX A5

Air Drag Test Procedure

PURPOSE: To determine the effect of three different
drag plates on the decay rate of the air
bearing table.

EQUIPMENT: (1) Government furnished 24 inch air bearing
tabie
(2) Photocell timing device
(3) Hewlett-Packard 524 D Electronic Counter
(4) Hewlett-Packard 560 A Digital Recorder
(5) Radian scale, light and mirror arrangement
(6) Drag plate number
(7) 100 pound cylindrical weights

SET UP: /1) Turn on electronic equipment for warm up.
{(2) Insert Rod No. 120, level rod and table or.
iso-pad, Set air pressure at 25 psi.

(3) Mount drag plate rumber on table,
Place 100 pound weights_?table as shown,

FLUSH WITH AIR BEARING
TASLE TO
106 L8. TABLE
WT-J- / DRAG PLATE
. — — e |
100 LB.
\ W

FLUSH WITH
TABLE TOP

FIGURE AS5-1 WEIGHT LOCATION

(4) Place radian scale 140 inches from the center
of the air bearing table,

(5) With the rod aligned, table leveled, and
specimrens mounted, zero the wand and photocell
device and zero the light source on th. radian
scale,

TEST FRCCEDURE: (1) With the test set up as described above
the testing is ready to begin,
(2) Gradually displace the table, increasing
its amplitude until it reaches 0, 16 radians then
release the ‘able and let it decay to 0, 15 radrans,
At 0,15 radians start recording data, Record
data vntil the displacenment reaches 0,001 radian.
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DATA: (1) Test No. -
{2) Date -
(3) Personnel -
(4) Temperature -
(5) Humidity -
{6) Drag Plate No. -
{(7) Number of 100 pound cylindrical weights -
(8) Total cycles -
(9) Period read out -

NUMBER OF TESTS: (1) Run each test times.
(2) Record period every 20 cycles for a 10
period average.
(3) Record displacement every radians.
(4} Record total cycles

SPECIAL WORK: (1) Plot displacement every radians vs
period every radians to the nearest
second.

(2) Plot period vs total cycles for every period
recorded. Average period betwcen 0, 002 and

0. 061 radians and record

(3) Plot the lcg10 of displacement vs total cycles.

Written By:

Approved By:

Date:
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PURPOSE:

EQUIPMENT:

SET UP:

APPENDIX A6

Temperature Effect Test Procedure

To determine the effect of temperature change
on moment of inertia determination.

(1) Government furnished 24 inch air bearing
table.

(2) Photocell timing device

(3) Hewlett-Packard 524 D Electronic Counter
(4) Hewlett-Packard 560 A Digital Recorder

(5) Radian scale, light and mirror arrangement
(6) Dumbbell B-60. 9308 in. ~-lb-sec?

(1) Set thermostat to desired level and let
temperature stabilize over night.

(2) Turn on electronic equipment for warm up.
(3) Mount dumbbell B on the table top as shown
below with its center of gravity located directly
over the air bearing tables center point.

AIR BEARING
TABLE

DUMBBELL
-]

FIGURE A6-1 LUMBBELL LOCATION
(4) Set air pressure at 25 psi, Insert rod
No. 120 level rod and table on iso pad.
{5) Place radian scale 140 inches frem the center
of the air bearing table.
(6) With the rod aligned, table leveled, and
specimens mounted. zero the light source on the
radian scale.
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TEST PROCEDURE:

DATA:

NUMBER CF TESTS:

SPECIAL WORK:

Written By:

Approved By:

Date:

(1) With the test set up as described above

the testing is ready to begin,

(2) Gradually displace the table. increasing

its amplitude until it reaches 0. 05 radians then
release the table and let it decay te 0, 035
radians. At 0.035 radians start recording data,
Record data until the displacement reachkes 0. 001
radian.

(1) Test No. -

{2) Date -

{3) Pecrsonnel -

(4) Temperature -
(5) Humidity -

(6) Total cycles -
(7} Period readout -

(1) Repeat each test 3 times.

(2) Record period every 20 cycles for a 10
period average.

(2} Record displacement every 0.001 radians.
(4) Record total cycles.

(1) Plot displacement every 0,001 radians

vs period every 0,001 radians to the nearest
0.00001 second.

(2) Piot period vs total cycles for every period
recorded. Average period between 0, 00. nnd
0. 001 radians and record _
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APPENDIX A7

MIA SCHEMATIC DIAGRAMS
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APPEND X A8

Test Procedure for Determining
‘Time Mcasurement Abilities of Prototype MIA

PURPOSE: The purpose of this test is to ascertain the time
measurement ability of the developed prototype
which will be used for determining moments of
inertia.

DESCRIPTION OF DEVELOPED PROTOTYPE:

The prototype consists of a capacitive transducer
and associated oscillator/descriminator circuitry
with amplifiers, which are used to derive a pulse
at zero crossing of the oscillating table and thus,
start and stop decimal counting units for period

LABORATORY ARRANGEMENT FOR TEST EQUIPMENT:

The developed prototype, which has teen develop-
ed for use with the 6 inch Air Bearing Table, is
adjusted so that when the table is at rest, with
a torsion rod installed, the output voltage is
zero. {This adjustment may be made with a
Tripplet 630 Volt-ohm meter or equivaiznt).
The air pressure and particular choice of
torsion rods arc depicted by the sample data
sheet, Other ambient and initial conditions are
depicted by the sample data sheet, Other
ambient and initial conditions are depicted by
this data sheet, including all requirerments for
data collection,

The existing laboratory photo-electric system,
with associated counters, counter-~timers, and
printers will be utilized to measure the oscilla-
tory period for comparison to the time measured
by <he prototype. In this arrangement, the

time measured by the counters sh:ll be construed
as a standard,

As an aid and {urther expalantion as to the
equipment arrangement, see Figure A8-],
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PHOTO-DETECT-ON
NIT TIME

COUNTER- TIMER
UNIT p—a»1 PRINTER!

6 INCH
AIR BEARING
TABLE

PERIOD
/ COUNTER
CAPACITIVE
TRANSDUCER CYCLE COUNT
TIME
DEVELOPED |
PROTOTYPEMIA (P PCU
FIGURE A8-1 TEST EQUIPMENT SETUP
REQUIRED EQUIPMENT: The list of equipment required for accomplishing

the described test are included on the test data
sheet. Substituticns may be made, but must be
recorded, in all cases, except for the prescribed
device tu be tested. Substitutions should be
made with cquivalent equipment,

All modifications to the procedure established

herein should be recorded in attached sheets,
dated, and signed.

Written By:

Approved By:

Date:
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APPENDIX B

MASS PROPERTIES OF LIQUIDS
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APPENDIX B

MASS PROPERTIES OF LIQUIDS PROGRAM
LIST OF REFERENCES AVAILARLE IN THE

MASS METROLOGY LABORATORY
24 May 1965

1. Abramson, H. N. & Ranslehen, G. E., Some Comparison of Sloshing Behavior
in Cylindrical Tanks with Flat and Conical Bottoms, SRI Project 43-768-2, Report
No. 4, May, 1959,

2, Abramsoa, H.N. & Ransleben, G.E., A Note on the Effectiveness of Two Types
of Slosh Suppression Devices, SRI Project 43-.768-2, Report No. 6, June, 1959,

3., Abramson, H,N, & Ransleben, G, E., A Note on Wall Pressure Distributions
Luring Sloshing :n R gid Tanks, SRI TR-5, SWRI Report 43-768-2, June, 1959,

4, Abramson, H.N. & Ransleben, G.E., A Theoret.cal & Experimental Study of
Fuel Sloshing, SWRI 1251-QPR-7, February 1, 1960,

5. Abramson, H.N., Ransleben, G.E,, Chu, Wen-Hwa, % Squire, W., A Theore-
tical & Experimental Study of Fuel Sloshing, SWRI 1251-QPR-8, Mav, 1960

6. Abramson, H,N. & Ransleben, G. E., Simulation of Fuel Sloshing Characteristics
in Missile Tanks by Use of Small Models, ARS Journal, July, 1960.

7. Abramson, H.N,, Garza, L.R. & Kana, D.D., Liquid Sloshing in Compartmented
Cylindrical Tanks, ARS Journal, June, 1962,

8, Abramson, H.N., Chy, Wen-Hwa & Garza, L.R., Liquid Sioshing in Spherical
Tanks, AIAA Journal Vol. 1 No, 2 P. 384, Felruary, 1963.

9. Abramsoa, H.N., Lindholsn, W. S., Kana, D.D. and Chu, Wen-Hwa,
Research on Liquid Dynamics in Missile Fuel Tanks, TR No. 6, SWRI, Proj. No. 4-
961-2, 1961.

10. Baer, H.W., An Approximate Approach to the Prevention of Sloshing of an
Incompressible Fluid by Introduction of Mechanical Damp:ing, Ramo-Wooldridge,
GM-TM-83, May, 1956.

11, Baron, M.L. & Bleich, H.H., The Dynamics Analysis of Empty and Partially
Full Cylindrical Tanks, Part I. Frequencies and Modes of Free Vibration and
Transient Response by Modes Analysis, Paul Weidlinger, Consulting Engineer,
NewYork, New York, DASA Contiact DA-29-044-X2-557 DASA, No, 1123A, May, 1959

12, Baron, M.L. & Skalak, R., Free Vibrations of Fluia-Filled Cylindrical Shells,
Jour. Eng. Mech, Div,, June, 1962.

13, Bauer, H.F., Propellant Behavior in the Tanks of Large Space Vehicles,
MTP-AERO-61-8!, NASA, MSFC, 1961,

14, Baucr, H.F., The Effect of Propellent Sloshing on the Stability of an

213



Accelerometer Controlled Rigid Space Vehicle, NASA TN-D-183), Marshall,
October, 1963.

15, Bauer, H.F., Approximate Effect of Ring Stifiecner on the Pressurc Distri-
bution in an Oscillating Cylindrical Tank Partly Filled with Ligquid, AEMA,DA-M-114,
Sept., 1957,

16. Bauer, H. ¥., Fuel Oscillations in a Circular Cylinderical Tank, DA-TR-1-58,
April 18, 1958.

17. Bauer, H.F., Fluid Oscillaticns of a Circular Cyiindrical Tank Performing
Lissajcus-Oscillations, DA-TR-2-58, April, 1958.

18. Bauer, H.F.,, Fluaid Oscillations in a Circular Cylind~ical Tank Due to
Bending of Tank Wall, ABMA,TR-3-58, April 18, 1958.

19. Bauer, H.F., Fluid Oscillations in a Cylindrical Tank with Damping,
DA-TR-4-58, April 23, 1958.

20. Bauer, H.F., The Moment of Inertia of a Liquid in a Circular Cylindricai
Tank, DA-TR-5-58, April, 1958,

21. Bauer, H.F., Determination of Approximate First Natural Frequencies of
a Fluid in a Spherical Taak, DA-TN-75-58, Oct. 1958.

22, Bauer, H.F., The Effective Moment of Inertia in Roll of Propellant and Roll
Damping, DA-TM-67-59, May 26, 1959.

23, Bauer, H.F., Bxeorz of the Fluid Cscillations in a Circular Cylindrical Ring
Tank Partially Filled with Liquid, NASA,TN D-557, Dec. 1960,

24, Bauer, H.F,, Meclanical Analogz of Fluid Oscillations in Cylindrical Tanks
with Circular and Annular Cross Section, MSFC,MTP-Aero-61-1, Jan. lz, 61.

25, Bauer, H,F., Mechanical Aralngy of Fiuid Oscillations in Cylindrical Tanks
with Circular and Annalar Cross Section, NASA,MTP Aero 61-4, Jan., 1961}.

26, Bauer, H,F., Parametric Study of the Infinence of Propellant Sloshing on»i}_x_e
Stability of Space Craft, Jour. Aerospace Sc., Oct., 1961.

27. Bauer, H.F., Theory of Liquid Sloshing in Compartmented Cylindrical Tanks
Due to Bending Excitation, NASA, MTP-Aero-62-61, July, 1962,

28, Bauer, H.F., The Damping Factor Provided by Flat Annular Ring Baffics for
Free Fluid Surface Oscillations, NASA,MTP-aero-62-81, Ncv., 1962,

29, Bauer, H.F., Theory of Liquid Sloshing in Compartmented Cylindrical Tanks
Due to Bending Excitation, AIAA Jour, Vol. 1 Nu, 7, July, 1963.

30, Bauer, H.F., Liquid Sloshing in a Cvylind:iical Quarter Tank, AIAA Jour. Vol. 1
No. 11, Nov. 1963 :
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31. Bauer, H.F., Fluid Oscillations in the Containers of a Space Vehicle and
Their Influence Upon Stability, NASA,TR R-187, Feb., 1964.

32, 'Benedikt, E.F., Scale of Separation Phenomena in Liquids Under Conditions
of Nearly Free Fall, ARS Journal of February, 1959.

33. Berlot, R.R., Production of Rotation 1n a Confined Liquid 'Ihrough Translational
Motion of the Boundaries, Jour. App. Mech., Dec., 1959,

34, Bhata, P.G. & Koval, L.R., Coupled Oscillations of a Liquid with a Free
Surface in a Tank Having a Flexible Bottom, Vol. 15, 1964.

35, Brooks, J.E., Dyramics of Fluids in Moving Containers, TRW Space Tech.
Labs./ GMO04.4-26, Feb,, 1959.

36, Brooks, J.A., Generalizea Missile Dynamic Analysis, VTI Pro&ramming,
STL, GM-TR-0165-00431, April, 1958.

37. Brown, K.M., Laboratory Test of Fuel Sloshing, Douglas Testing Division,
Report No. Dev-783, March, 1954

38, Budiansky, B., Sloshing of Liquids in Circular Canals and Spherical Tanks,
Jour. Aero/Space Sciences Vol 27 No, 3, March, 1960.

39, Chobotov, V. & Fowler, J.R., Experimental Investigations of the Moment of
Inertia in a Cylindrical Tank, Ramo Wcoldridge, Feb., 1957

40, Chu, Wen-Hwa, Sloshing of Liquids in Cylindrical Tarks of Elliptic Cross
Section, SRI,ARS Journal, April, 1960.

41, Chu, Wen-Hwa, Liquid Sloshing in a Spherical Tank Filled to an Arbitrary Depth,
sWRI, Report 4, December, 1962.

42. Cole, H.A. & B.J. Gambucc, Measured Two-Dimensional Damping Effectiveness
of Fuel-Sloshing Baffles Applied to Ring Baffles in Cylindrical Tanks, NASA;TN D-694,
Ames Research Center, MoffettField, Calif., Feb, 1961.

43, Cooper, R.M., Dynamics of Liquids in Moving Containers, STL,ARS Journal
Aug, 1960,

44, Dodge, F.T., A Review of Research Studies on Bubbles Motion in Liquids
Contained in Vertically VibratiﬁTanks, TR No. 1, SWRI, Proj, No. 1-1391-2, 1963,

45, Dodge, F.T, Kana, D.D, & Abramson, H.N., Liquid Surface Oscillations in
Longitudinally Excited Rigid Cylindrical Containers, SRWI, TR-2, NAS-11045,
April, 1964,

46, Eulitz, W.R., Theoretical Discussion of the Sloshing F :nomena and Proposed
Method for Depressing of Sloshing in Fuel Confainers of Missles, ETC, "ABMA,
ORD AB DSM-45, Jan, 1957.




47, Eulitz, W.R., Discrepancies with Ap Sensors for Monitoring Liquid
Propellant Sloshing Driving Rocket Flight, MT P-P&VE-P- 62-6, NASA, MSFC,
1962.

48, Eulitz, W.R., The Sloshing Phenomenon and the Mechanism of a L.quid
in Motion in an Oscillating Missie Container, ABMA,DS-R-31, Oct, 30, 1957,

49, Gaza, L.R., A Brief Comparison of Ring an1 Asymmetrical Baffle
Characteristics, SWRI, TR-6, NAS8-1535, April, 1663.

50. Gleghorn, G.J., Motion of Fluid in a Cylindrical Tank, Ramo-Wooldridge Memo,
Feb., 7, 1956,

51. Gnaya, T.R. & Abramson, H.N,, Measurements of Liquids Damping Provided
by Ring Baffles in Cylindrical Tanks, TR No, 5, SWRI, Proj. No. 6-1072-2, 1963.

52, Gray, S.P., Properties of Spheres, Spheroids & Elliptical Lenses Used as
Propellant Tanks, MTP-P&VE-F-61-16, Dec. 5, 1961,

53, Gray, S.P. & Burns, R.E., Properties of Toroids with Circular Cross Sections
Used as Propellant Tanks, MTP-P&VE-F-62-9, Aug. 1, 1962.

54, Greham, E, W. & Rodriguez, A.M., The Characteristics of Fuel Motion which
Affect Airplane Dynamics, Jou—. App. Mech.,Sept. 1952.

55, Harlow, F.H. and Fromm, J.E., Computer Experimernts- in Fluid Dynamics,
Scientific American, March, 1965,

56, Harvey, T.J., Moment of Inertia of Liquidsin Cylindrical Tanks, LMSD-56263,
SAWE Tech, P-184, May 19, 1958,

57. Hays, P.J., Stability Analysis of Saturn Block II, S-IV Stage Flight, NASA,
MSFC, MTP-Aero-63-27, April, 1963,

58, Hays, P. J., & Sumrall, J. P, Stability Analysis of Saturn SA-5 with Live
S-1V Stage, NASA, MSFC, TM X-53017, March, 1964.

59. Heist, E,K,, Equations of Motion of Missile with Sloshing, Ramo-~Wooldridge,
GM-TM-146, Feb.,8, 56,

60. Hieatt, J.L. & Riley, J.D., Digital Program for Fluid Sloshing in Tanks
with Axial Symmetry, STL TM-59-0000-000389, Sept. 30, 195¢.

61. Holmstrom, J.S., Effect »f Dynamic Imbalance on the Motion of a Spinning
Vehicle in Free Flight, Chrysier Missile Division, SAL-TN-12-62, April, 1962,

62, <achigan, K., Forced Oscillations «f a Fluid in a Cylindrical Tank,
Convair ZU-6-046, Oct,, 1955.

63, Kana, D.D., A Resistive Wheatstone Rridge Liquid Wave Heiéﬂht Transducer,
SWRI-TR-3, NAS8-11045, May, 1964.
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/4, Kana, D.D. and Dodge, F.T. Bubble Behavior in Liquid Contained in
Vertically Vibrated Tanks, TR No. 4, SWRI, Proj. Mo, 02-i391, 1964.

65. Karpov, B.G., Experimental Observations of the Dynamic Behavior of I iquid
Filied Shell, ricport No. !171, Ballivlic Research Labs, Aberdeen, Maryland,
August, 1962,

66, Knopp, M., Centrifugal Sloshing, TRW Space Tech., Labs. PA-2297-0212
June, 199,

67. ".ribetsky, Bauer, W.H., Locus, Padlog, Rob’asor & Walters, Final Regorf,
Rervort on Zero-Gravity Expulsion Techniques, Bell Aerosystems, Re; ~rt 7129-
733003, NAS r-44, March, 1962,

68. Langer, C.G., A Preliminary Analysis ot Optimum Design of Ring & Pantition
Antislosh Bubbles, RTR No. 4, SWR., Proj, No. 6-1072-2, 1963,

69. Lawrence, H.R., Wang, C.J, & Reddy, P.B., Yariational Solution of Fuel
Sloshing Modes, R-W Corp. Jet Propulsion, Nov., 1958.

70. Longuet-Higgins, Mass Transport in the Boundary Layer at a Frec Oscillating
Surface, Nat, Inst, Oceanography, 1959.

71. Lorell. Tack, Forces Produce. by Fuel Oscillations, Jet Propulsion Lab,
Progress Report No. 20-149, October 1951,

72. Luskin, H. & Lapin, E., An Analytical Approack to the Fuel Sloshing and
Buffetirg Problems of Aircraft, Douglas,J. Aero. Sc. Vol. 19 No. 4 April, 1952.

73. Martin, D.G., C_atrol System Eguations, Report No. EM 8-14 Space
Technology Labs, April, 1958

74. McCarty, J. L. & Stephens, D.G., Investigation of the Natural Frequencies of
Fluids in Spherical and Cylindrical Tanks (Langley) NASA, TN D 252 May, 1900.

75. McKenna, K.J., Palmer, J.L. & Wakamiya, Y.. Final Report of Saturn V
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APPENDIX C1}

OPTICAL EQUIPMENT TEST

TEST OBJECTIVE:

TEST EQUIPMENT:
1. Brunson #76 Optical
Telescope and Tooling

Bar.

2. Brunson Line Scope
(Ser. No. 1172)

3. Surface plate

4, Accurate specimens
to measure

5. Micrometer

ALIGNMENT PROCEDURE:

Test Procedure I

To determine the reliable accuracy that
can be expected when measuring vbjects
with the optical equipment.

CALIBRATION DATE:

Level before starting test

Check dimensions with a micrometer

A line parallel to the tooling bar is established
by adjusting the horizontal rotation of the tele-
scope until two sight-points, on opposite ends
of the tocling bar, can be viewed through the
main telescope. The sight points must te
viewed without further horizontal rotation of the
telescope. Viewing the two points on opposite
end of the tooling bar is accomplished by
vertical rotation of the main telescope. (See
Figure Cl1-1). The horizontal rotation axis is
then locked and the main telescope is directed
toward the position of the line scope and leveled
in this position. (See Figure Cl-2.)

Vert, Rotation

‘\ Sight-
H ] A Points

Figure Cl-1

Horizontal Alignment Diagram
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Main Telescope

Cross Telescope
Line Scope

(Leveled)
Horizontal
Carriage Rotation Locked
r; A
Figure Cl1-2 1line Scope Aligrment

CHECKOUT PROCEDURE;:

ALLOWABLE ERRORS:

QUANTITY OF TESTS:

Ine l1ne scope is then positiored such that its
cross hairs of the main telescope. The lire
scope is now in a position that its line of sight
is directed parallel to the tooling bar.

The telescope is then rotated until the cross
hairs of thic cross telescope are aligned with
those of the line scope. The measuring tele-

" scope is now viewing perpendicular to the line

of travel of the carriage.

When the telescope carriage is re-positioned on

the tooling bar, th. cross telescope must be

re-aligned with the line scope. This procedure

insures that the movement of the carriage is

done in a parei el iine to the tooling bar and that

the measuring telescope has bren meved in a

line perpendicular to parallel planes passing '
through the two points that are to be measured. .

An accurately graduated scale is placed on the
surface plate, leveled, and aligned parallel to
the established line of sight of the line scope.
Six readings are taken of the carriage position-
that constituted readings of the 5,000 inch dis-
tance,

Other distances, and specimens of accurately
known dimensions, should be measured as o
needed to better establish a systemn accuracy.

0.0005 inch in telescoupe position

A minimum of six measurements per specimen
should be taken,

T
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RESULTS ANALYSIS:

Written Bv:

Approved By:

Date:

Examination of the error in measuring
specimens of known dimensions will show
the accuracy to be expected ‘rom the
optical equiprnent in measuring objects
for center of gravity determination.
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APPENDIX C1

OPTICAL EQUIPMENT TEST PROCEDURE Ii

TEST OBJECTIVL:

TEST EQUIPMENT;

1.

Brunson #76 Cptical
Telescope and Tooling
Bar.

Brunson Line Scope
(Ser. No. 1172)

Surface plate

Brass and Stainless Steel
Blocks (ground and polished
to 1.500 x 3.000 x 5.000
inches)

Graduated scale

Micrometer (4 to 5 inch
range) :

ALLOWABLE ERROR:

NUMBER OF TESTS:

RISULTS ANALYSIS:

REFERENCE:

To determine the reliable accuracy that can
be expected when measuring objects with the
optical equipment,

CALIBRATION DATE;

1-22-65 by SPACO Calib.ation Lab

1-12-65 by R-QUAL-OTM

Leveled at time of test

Checked with Micrometer at time of test

2-15-65 (MML)

2-15-65 by SPACO inspection

0. CCO5 inch in reading telescope position on
tooling bar

Six measurements per specimen were taken
and recordad

Exa. "-ation of the error column shows that
the .. <curacy of reading the graduated scale

is t. . J,001 inch, where the accuracy in read-
ing the block sizes is only >0, 002 inch.

The process for measuring the blocks was
re-examined and the conclusion rcacher that
the additional error introduced was due to the
edges of the blocks being more difficuit to
rdetcrmine, with the telescope, than the thin,
black markings on the graduated tcale.

Test Procedure I
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APPENDIX 72

MIRROR ALIGNMENT SYSTEM TEST PROCEDURE 11

TEST OBJECTIVE:

TEST EQUIPMENT:

1. Brunson #76 Optical Telescope
and Tooling Bar

2. Brunson Stellite Mirror
(mounted to one end of the

tooling bar.)

3. Surface plate for support
of test specimens,

4., A brass and stainless
steel block. (ground and
polished to 1.500 x 3,000 x
5. 00C inches)

5. A graduated scale

6. A micrometer (4 to 5 inch
range)

TEST SET UP:

ALLOWABLE ERROR:

NUMBER OF TEST:

RESULT ANALYSIS:

Written By

Approved By

Date

To determine the accuracy of the optical
equipment in taking measurements when a
mirror is used to align the telescope.

CALIBRATION DATE:

Aligned before test

Level at start of test

Check with micrometer

Same as in test procedure C2-I1, except the

Stellite Mirror is used in place of the Brunson

#1172 Line Scope.
0. 0005 inch in reading telescope position.

Six measurements per specimen should be
taken,

Examination of the error column will show if

any additional error is introduced by using the

mirror alignment system,
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APPENDIX C3

BYTREX SYSTEM PRELIMINARY TESTS IV

TEST OBJECTIVE:

EQUIPMENT AND ITS FUNCTION:

ALLOWABLE ERROR:

NUMBER OF TESTS:

LIST OF EQUIPMENT:

CG-25 Moment Detector
CG-250 Moment Detector

To determine the accuracy of locating the
center of gravity of objects using the moment
detection system. To determine the accuracy
of the unbalance moment readings of the
instrumentation unit.

(1) Moment detection urits are used to detect
the unbalance of an object placed on a level
surface attached to the top of these units, Two
separate units were used, a 25 in,lb and a 230
inrlb.

(2) The detectors are used in conjunction with
an instrumentation and power supply unit.
This equipment was manufactured by the
Bytrex Corporation.

(3) Depth gages were used to locate the cbject
positions on the moment detectors.

(4) Accurate scales were used to determine the
weight of the test objects.

(5) Two test ovjects of known dimensions and
weight were used.

1 0.0005 inch in locating the position of test
objects on the moment detector heads.

Nine sets of readings were taken using the

250 in~1b unit, Each reading was taken with the
object at a different lccation on the moment \
detector,

Fifteen sets of readings were taken using the
25 ine1b moment detector. More readings were

taken with this unit because of its increased
sensitivity over the larger detector,

CALIBRATION DATE
8-64
8-64
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LIST OF EQUIPMENT: (Con't) CALIBRATION DATE:

CG-1 Instrumentation Unit 3-64
Mfg. By: Bytrex Corp., Newton, Mass

Depth Gages 9-64
Scales (Shadowgraph Mod 4173) 9-64

TEST PROCEDURE: FEach moment detector must be calibrated with
the instrumentation unit before tests are made, Th: calibration is
accomplished by placing a known weight at a known distance from the
center of the moment detector.

The instrumentation unit is then adjvsten (o read this unhalance
moment.

The test object is then repositioned a desired number of times to
cover the range of the detector. The unbalance reading and the position
of the object are then recorded.

Test were made along only one axis. This was cufficient to determine
the accuracy of the equipment.

DATA: The data sheets indicate measured aund calculated values used in the
error analysis.

Included are curves on earh moment detector test showing the recorded
unbalance moment plotted against the actual unbalance moment.

RESULTS ANALYSIS: The average error of the center of gravity location )
is 0.009 inch for the 25 in. -1b. detector with an object weight of 6. 8122 lbs,
and 0, 004 inch for the 250 in. -lb. detector with an vbject weight of 98, 71 lbs.

This data indicate. that the cernter of gravity locations for these objects
measured with their respective detector sizes are accurate only to 0.010 inch,

The maximum accuracy of the unbalance moment readings .s 0,50% of \
indication. This compares favorably with the manufacturers value of 1%
of indication.

Based on the manufacturers unbalance accuracy of 1%, the object weight
would have to be equal to the vertical load capacity of the detector in order to
obtain an accvracy of G. 001 inch, .

e

The test results indicate that the respective object weights could be
as small as 50% of the detector capacity for this same 0,001 incu accuracy,

SUMMARY: Additional tests are to be conducted to verify the accuracy of

center of gravity location for weights apprnaching the detector capaciti.s
and to develop a curve of % error vs object weight,
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The manufacturers value of unbalance error should be used in the
general application because it will present more reliable results for the
average center of gravity locating problem. The data obtained in this test
was obtained with unusua' care and such care may not be practical in
normal applications,

It is suggested that a mocdification be made to the support stand to
allow 90° rotation of the moment detection u-.t. This will allow the use
of an optical measuring system instead of cepth gages for location of re-
ference points on the object, This could tien be done in two axes without
disturbing the position of the test obj.ct with respect to the moment
detector,

The optical system is desirable because of the capability of measuring

accurately to T 0.001 inch and its versatility for use with irregular shaped
cbjects.

Written By:

Approved By:

Date:

Revision Symbol Revision Date Approved By




APPENDIX C4
PROGRAM V
TEST III

Preliminary Test of Bytrex System Using
The Optical! Equipment for *easurements

TEST OBJECTIIVE: To compare the error involved in locating

the center of gravity of test sbjects using
the optical equipment for imeasurements
rather than depth gagss.

TEST £QUIPMENT: CALIBRATION DATE:

1.

C.G, - 25 Bytrex Unit 8-64
C.G. - 1 Instrumentation Unit

Brunson #76 Optical Telescope 1-22-65
and Tooling Bar.

3. Brass block 1.500 x 3,060 x . Check with Micrometer
5. 000 inches weighing 6.8122 lbs.
(test object.)
4, Micrometer 2-15-65
TEST PROCEDURE: The test object was placed at the desired
location on the destector surface that produced
an unbalance moment, by calculation, of 80%
of detector capacity. The iastrumentation
unit was adjusted to read this unbalance. One
axis was sufficieat for the purpose of this
test, The test object was repositioned to give
unbalance readinga at approximately 10%
intervals of unbalance from 90% to 10% of the
full range of the detector, The unbalance read-
ings and the actual center of gravity of the
test object was recorded.
ALLOWABLE ERROR.: $0.0005 inch in r.eading the telescope position.
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ERRCR ANALYSIS:

The data from thig test indicstes the accuracy
when using the optical equipment was 60% better
than the accuracy obtained using depth gages.

s
RN/ 4d 7’
WEITTEN BY: ;JQ’ MW

Ted Williams, Prcject Engr.

DATE: 2-28 -(S

/7
APPROVED BY: CZ[ gn*é«-

Ed Booker, Director

paTE: 3- 1~4)

P.evision Symbol

Revision Date l Approvead By
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APPENDIX C*%

SPHERICAL AIR BEARING TABLE TEST PROCEDURE

TEST OBJECTIVE: To determine the accuracy of the system in
location of centers of gravity of test ohjects.

TEST EQUIPMENT: 1. Spherical segment air bearing table.

2. Brunson #76 Optical Telescope and Tooling
Bar.

3 Test specimen with center of gravity location
marks.

TEST PROCEDURE: 1. Level the object support surface with no
load.

2. Locate center of rctation of unloaded table
and zero telescope ai this point.

3. Place test specimen on surface and move
with micrometer positioner until surface is

again level,

4. Read displacement of center of gravity
mark from telescope zero point, and record.

5. Repeat procedure a minimum of three times.
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APPENDIX D

NONLINEAR TWIN-T NETWORK CAPACATIVE
TRANSDUCER EMPLOYING PRINTED CIRCUIT BOARD CAPACITORS
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SUMMARY

This paper presents the derivation and developmeut of a capacitive
transducer which is utilized for instantaneous measuremeantc - zngula:
displacerients. The transducer is a part of a laboratory test program-
which e'nploys a tank that oscillates about a horizontal axis.

The transducer employs a twin-T network which converts R. F.
energy to direct current energy. The direct current energy is suitable
for driving plotters or other arriog devices. The entire transducer,
including the active capacitor, was fabricated on printed circuit bcaids,
which greatly reduced thy eiiurt of developing, installing, and cost of
the device.

The transducer produced satisfactory results when its linearity and

repeatability was test.d. The development of more precise units, utilizing
a similar circuit, has been proven.
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“"THE NONLINEAR TWIN-T NETWCRK CAPACATIVE
TRANSDUCER EMPLOYING PRINTED CIRCUIT BOARD CAPACITORS"

PURPOSE

The purpose of this paper is to illustrate the application and practicality
of the capacitive transducer for measuring angular displacement, and to
introduce a novel approach for transducer fabrication. The developer unit
ut’lized the nonlinear twin-T network, developed by Tibor L.. Foldvari and
Kurt S. Lion for conversion of radio frequency energy to direct currents
analogous to the amount of angular displacement encountered. A unique
method of fabricating capacitor plates for the device ie disciosed. as well as
a rigorous mathematical derivation of the network emnloyed.

INTRODUCTION

The capacitive transducer offers measurement of displacemeats of an
object without physical contact, and thus resulting friction. The device consists
of two or more plates, one of which is movable with the displacement of the
object. For angular displacements, it can easily be seen that pie shaped plates,
similar to the si.ape of plates utilized by commercial variable capacitors,
would offer a suitable configuration for a capacitance transducer. Other con-
figurations may just as easily be used, but the pie shaped plates offer a
simpl:icity of design, construction, and adjustment which is unsurpassed.

In regard to electrical concepts, the capacitor acts as the active part
of the entire transducer. It should be capable of yielding a repeatable electrical
signal analogous to a A C (change of capacitance) experienced by the capacitor.

Licted below are several methods which utilize the capacitive transducer
for displacement measurements:

. AC voltage division

Rescnance Methods

Frequency Modulation -

Methods employing voltage rise aad fail time in regard to charging
Twin-T diode networks.

(S R R VR N

It 1s the author's belief that the Twin-T diode circuitry is onz of the more
electronically stable and simpl. devices, offering a desirahle high output impe-
dance.

ELECTRONIC DESCRIPTION

The network of the capacitive transdgucer is shown as:

243
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CRI1 R,

FIGURE 1

where Epy is a chosen radio frequency signal ( in this case a square wave
generator), CR1 and CR2 are diodes possessing low forward and high reverse
resistance, Rl and RZ are precision resistors, and R; is the load resistance
of the devices which are used for measuring displacement. The capacitances
Cl and C2 were designed especially for the selection of other circuit para-
meters and the angular displacement to be measured. Actually Cl and C2 were
designed as a differential capacitance device. The unit may be illustrated as:

Cj C

_FIGURE 2

vhere Cl and C, are separate plates of the same area and the shaded plate,
which is the common rotating »late to C; and Cp and whose area is the same
as C; or C, plus the area of the air gar between C, and C,. Thus, the
zhaded plate exactiy covers C) or C; at maximum c}iaplacement, and the
plate cpposite to the covered plote is completely uncovered.

The advantages of the differcential capacitance are*

(1) A deflection of the shaded plate in the direction of C| tends to
add capacitance to that porticn of the unit by A C and subtract the
same amount of capacitance, AC, from Cp. Thus, in a balanced

244

——' — d
TR ar



network as the twin-T circuitry, a change of 2 AC is acquired,
yielding a more sens:tive devicc.

{2) Changes in ambient temperature and humidity do not aitect
the overall performance of the device, since the change is noted
and balanced by the differential capacitance.

(3) By choosinga suitable layout for the capacitors and accompanying
circuit, symmetry can be obtained, optimizing the effect of stray
capacttance,

(4) Since the capacitors C; and C, are identical, the effect of fringe
capacitance on either circuit should be equal, if all mechanical
gapping and spacing of the capacitors are equal.

The network of Figure 1 may ke reduced to the following equivalent

circuaits,:
2

R Rz
YAV AVAVAR <P AAAA
T gRL ;"

ig
Ecy ECZ
{1 11
T 1 ¥
C) o)
1t
T Em
R] Ra
VAAA - ® WAV AVAV,N
—— )f — -
i Ry, 1,
i
e R L
1F | p———
Cy _ Cz
EmN
_TT
FICURE 3

s e — e e
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These equivalent circuits were constructed from the iollowing
assumptions:

{1) The output of the square wave generator is positive during the
positive half cycle and negative during t..e negative half cycle. (In
construction of the capacitive transducer system, d.c. restoration
to a negative square wave was essential to meet thesz requirements. )

(2) Diodes CR1 and CR, are ideal diodes, exhibiting zero forward
resistance and infinite reverse resistance. (The diocdes selected,
1N903A, exhibit a forward resistance of approximately 50 ochms and
a reverse resistance of approximately 400 megohms. These diodes
were especially selected for these specifications and their capacity
to pass radio frequency signals. )

(3) The internal impedance of the square wave generator .s negligible.

(A Hewlett-Packard Model 211A Square Wave Generator was used
to drive the device. The impedance of the generator, as used in
the system, was 600 ohms. )

(4) The load of measuring devices on the transducer network is
represented by R; .

From these stipulations and Figure 3, the following expressions are:
derived:

For the negative half cycle, the following loop equations are derived:

Ec, = Epy = i2 Rz - ig' Ry,
Ec, = -LI‘ ijdt = i|Ry + ig' Ry
C (o]

but i! =11-i2, ori1=i6+i2

Eclz-c_l (F (ig + i) dt = (ig + ip) Ry + il Ry

C

R,
(

(1)

(2)

t . Lot
Then: -_f ig+ EpN *io RL ) dt= (ig+ EIN+ ig RL) R} + ig R,
Cl ] RZ RZ
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Simplifying:

-1 MY lig+ Epy+ig Ry, [dt=ig(R) + RL) + ( E[N 7 ig Ry, ) Ry
Ciw o R2 Ry
-1 e E(;+Env:ig'RI]dtric',(R1+RL)+(EIM+1Q'R[)R1

Differentiating both sides of equation yields,

ol

L,, EIM+iO'R‘J_d_t_:(R1+RL)dib + Ry, R di
2

1 dip
Cy R dt dt Rp 4t

LetR) =R2 = R
-1 ig+ B[N+ ig Ry, | dt-= [R + 2R[)] dig
<, R

-dt = (R} + 2Rp) Rdig
C; Rig+ EIN+i,5Ry

-dt = dif,

Multipiying both sides of the equation by (R - Ry )

- (R+Rp)dt = (R +Rp)dig

which is the form du, where u = E;np + (R + RL) ig
u

Integrating both sides with respect to t,

i ()

—
- (R + Ry) t=1n LEIN + (R+Ry)) i'(]

RC, (R ¢ 2R}) o

Evaluating

-(R+Ri)t =1In EZINi*(Rn‘RL)ig - Iln EIN
RC} (R + 2R )

S(R+Ry )t =1In E[N+{R +Rp ) ig(t)
RC] (R + 2Ry ) EiN

-(R+Rp)t =In| 1+ (2 + Rp)ig (t)
RC] (R + 2Ryp) EIN

R+ Rp)t
1+ (R +Rp) i, () =e RCI(h 2KL)
FIN
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-(R+Rp)t
RCy (R + 2Rp}
ig ()= _EIN e -1 (4)
R + Ry,

This equatica depicts the instantareous load current in the negative half cycle.

Using Figure 3 and the stated stipulations leads to a similar solution where
- (R+Rgp)t
RC, (R + 2Rj))

i (1) = EIN 1 -e (5)
R + Ry,

Since the ourput current, I, is the tima ¢ -erage of the insiantaneous currents
id (t) and ig (t)

T
1, = i\f\ E(; (t) + i (t)]dt (6)
™ o

At this point, it should bte clarified that a continuous function does not exist
due to the switching performed by the diodes. Thus, the integral should be
rewri‘ien as

T/2 T2
I,=1 \f\ iL ft) dt+ 'l"f i (1) dt, (7
T o T o

where each half cycle is considered as standing aloue.

- (R+Rp)t —l

Subsgtituting for i (t) and i3 (t)

L ey ’J\T/Z E . RCI (R + ZRL)-.! -ldt
o = —IN_
T\J O R+RL
- {R + RI )t
T/2 RCz (R + 2R} )
+_.‘_ EIN 1l -e dt
T o R+ RL _J
-(R+Rp)t T/2
AC] (R * 2Ry)
= 1 EIN RC; {R+2Ry) e -
T [-&-RL‘J R+RL o

- (R + Ryt T/2
+|t+RCZ(R+2Ry) e
L+
'_ bt Ry, Jo




Simplifying and using T = 1/f

(R+RL)t t=1
RC] (R + 2R;) 2t
I, = Ejyq Rf (R * 2Rp) -Ce -t
(R+ R )2 L t=10
-(R+Rp)t —l
RC; (R + 2Ry

Lt_+ C2e

ZRIC) (R + 2RL)

__I
e
L -(R + Ry)

= EIN f(R+ZR) -1 +Cp+1
(R + PL‘) f 2f
- {R + Rp}
ZREC2 (R + 2Ry )
+ Cze -C2
Further 3implifying
-(R+Ry) -(3+Rp)
2REC](R+ 2Ry)) 2RfC3 (R+2R},)
I, = EIN Rf (R + 2R} ) C; - C2 -Cje + Cye (8)

(R + RL)¢
Equation 8 defines the current flowing th- rugh the load for any capacitance
value C) and C;. The voltage across the load may be readily found by the product
of I and R1,. The response of the circuit is dependent upon the driving source
frequency, in this case ] megacycle.

Thus, rapid changes of displacement may be measured with such a circuitry.

In the developraent of this transducer, sensitivity maximization from the
transducer was desired. Sensitivity may be defined as

s= AE, (9)

where the sensitivity, S, is defined as the increment of voltage measu-ed across
R}, divided by the change of capacitance, AC, which results. Since E, is pro-
portional to Iy, the following equation results.

{10)
performing this differentiony
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S; = E;n RE (R + 2R1) (1 - e K - Ke-K) (11)
17 B RE(R 2 2Ry, (
(R + Rp)

where K =R + Rp, or K= R+ R, (12)
2REC, (R + 2R}) 2RfC2 (R + 2Ry)

By performing the first derivative testy, it was found that optimum sensitivity
occurs when

l/K:.575 orK=1.753
Jt should be ncted that at the maximum sensitivity point, irequency source variations
of ¥ 10% changez I, less than 1%. Hence, frequency stabilization of the generator
is not critical, rowever, amplitude stabilization would naturally be required.

It shculd alsc be noted that optimum linearity does not occur at optimum
sensitivity. Examination of equation 8 will reveal this fact. Optimum linearity
will occur when the exponential terms approach zero. Selection of circuit
components and the generator frequency such that this condition exists may be
performed at the expense of sensitivity loss. However, the differential capacitance,
as utilized has an added advantage that linearity deviations cf less than 1% exist
wher: both plates exhibit the same capacitance at balance, orAC) = - AC? of the
partiai capacitance does not #xceed .5C;, or .5C,. (This is to say that each
capacitor plate is always at least 1/2 covered, resulting in a lose of sensitivitv. )

Appendix A illustrates the solution of the equations for development of t. -
utilized transducer,

MECHANICAL DESCRIPTION

In the mass properties of liquids program, which is currently under study,
a record of insjtantaneous displacement of the oscillating tank used in this program
was desired. Since the tank is forced tc oscillate about a horizontal axis, a shaft
was available for connection of the moving piate of the capacitor as illustrated in
Figure 2.

Fabrication of the capacitor was performed in a rather novel manier. The
completed circuit was etched on a printed rircuit board, thus enabling a neat
syrmunetrical layout with all components mounted to the board. This portion of
the transducer was spring floated from a wall of a steel box which completely
encapsulates the entire transducer. By spring floating the plates C} and Cj,
gapping between Cj or G and the shaded plate was performed by simple screw
adjustments.

The '""'shaded'' plate was attachec to the movable shaft of the tank, and

precision bearings were utilized on each end of the shaft to provide further
mechanical stability, which it a prime requirement.
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The entire printed circuit board was go'd plated to prevent corrosion
One-eighth inch phenolic board stock was used in fabrication, as an additional
aid to mechanical and electrical stability.

It should be noted that the mechanical and electrical parts, iucluding
the printed circuit boards, for this device cost less than $100. 00. At an
increase in cost, this device could be greatly stabilized, but the accuracy
achieved is adequate and the unit was fabricated as a prototype.

TESTING PROCEDURE

After he completion of the unit, the device was attached to the subject
tank. A Hewlett-Packard 211A square wave generator was used to excite the
transducer and a Moseley 136A X-Y plotter, as the recordirg device. A block
diagram of the equipment arrangement may be illustrated as,

D.C. -
ewlett-Packard| pociorer iMoseley 136A
Model 211A _‘ Capacitance | 2 X-Y

Square Wave o] Tran<ducer Plotter
Generator

FIGURE 4

This figure illustratcs two points which are worthly of mention:

(1) A radian scale, with pointer attached to the coscillating tank was used
as a visual readout of angilar dispiaceraent,

{2) A D.C. restorer, of approximately 600 ohms terminaticn irnpedance
was necessary to establish the excitation of the transducer symmetrically
about the zero axis, and to provide maximum power transfer from the
square wave generator,
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An oscilloscope was used to establish the symmetry and {requency of
the square wave generator, with a peak-to-peak output of approximately 13.5
volts. The plotter was set-up such that a swing from + . 16 radians to - . 16
radians covered approximately 6 1/2 inches of an 8 1/2 x 11 graph. This
represented . transducer output of approximately 1 1.5 volts from + . 16
radians to - . 16 radians.

TESTING RESULTS

At definite increments, 2s shown on Figure 5 and observed visually
on the radian scale, lines were drawn by the X-Y plotter which was excited
by the tranducer device. This figure depicts the linearity of the developed
device. Adjustments to the capacitive plates were necessary to obtain the
degree of linearity illustrated, whicn is approximately optimum. Figure 6
depicts ' Ideal Vs Measured Linearity', indicating the degree of linearity
achieved. Before leaving linearity, one point should be made. Perfect
linearity is not essential to a precise measuring system. Ce. tainly itis a
desirable attribute; however, calibration charts or curves may be established,
as indicated by Figure 5, and the displacements measured to a high degree
of precision.

This condition is contingent upon the ability of the device to repeat
itself. The repeatability was found to be excellent. With the rather crude
visual radian scale employed, no error could be ascertained when attempting

to repeat measurements. Actually, there are very few, uiat sensibile reasons,
for repeatability deviations:

(1) A mechanical slippage or change in the capacitive device.
(2) A change of diode or resistor characteristics.

(3) A small change of source output voltage, or a large chaige of sour e
frequency.

(4) A change of the recording instrument sensitivity.
In a well designed system, all of the above characteristics are unlikely
to occur. Certainly long-term changes will occur, but these may be countered

by establishing calibration charts periodically.

CONCLUSIONS AND RECOMMENDATIONS

The developed device, which is a very simple electrical system, (See
Figure 1) will prove very useful in further evaluation of mass properties of
liquids. In practice, the tank iiiustrated in Figure 7 was filled with a liquid
and forced to oscillate. This method is currently being used by this laroratory
1n evaluating mass properties of liquids, Figure 8 illustrates an actual test




run utilizing the oscillating tank and the capacitive transducer with associated
electronic equipment

Other uses of the capacitive transducer are cvicent. Angular and linear
displacements and pressure are currently being measured by capacitive devices.
Commerical units are available, one of which has a published ability of measuring
1/2 x 10-® inches. To reiterate, thase devices lend themselves readily to dynamic
measurements. Configurations may be developed where the subject to be mea-
sured acts as an active part of the transducer.

The developed device has generally proven itseif on the system employed,
and has yielded overall satisfaction. Imnrovemenis can be made, however,
which would resuit in overall improved linearity and stability. (It should be
emphasised that this device was developed as a prototype unit.) The following
is z list of possible improvements which may be incorporated:

{1) Additional mechanical stability. 71his is especially appiicable to
rigidress, which may be achieved by developing a more rigid enclosure,
using a precision mechanical couple between the oscillating tank and

the capacitive device so as to avoid transmission of horizontal tank
motion to the capacitance device, and removing the device from the tank
frame. This last operation would avoid the detection of vibrations znd
oscillations inherent in the tank framework,

{2) The incorporation of more precision yet rigid capacitor plates. The
plates presently used were fabricated as a simple printed circuit board.
This board has delinite disadvantages, such as deviations in {latness

and the ""hills and vallevs' which must result in the plating precess. Such
conditions may ezsily create non-lizearity problems. Further, the
movable portion of the capacitor could certainly be stabilized in regard

to side motions and gapping.

{3} Side motions of tie movable plate, or rotor, may be countered to a
degree by the addition of two statur plates which : re in paralle!, electri-
cally, to C) and C,. This would nullify the side mution of the rotor
plate, since an increase of gapping or spacing between o.e plate and the
rotor would be seen as a decrease of gapping or spacing between the
opposite plate, thus, resulting in zero capacitance change Jor the side
motion encountered. The addition of the two parallel plutes would greatly
complicate the mechanical fabrication.

(4) Incorporation of a crystal contrulied, amplitude regulated rquare

wave generator especially developed for use with a particular capacitance
transducer. Even though no detremental effects have been noted with the
Hewlett Packard square wave generator, a more -ound engineering approach
would be the development of a spccialized generator.
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(5) Addition of a provision for zero balancing the device with the
oscillating tank. Presently, a set-screw- couple arrangement is
being used. Due to the sensitivity of the device, this zero adjust-

ment to . 001 volts is impossible., A vernier arrangement could

be incorporated, which should result in a linearity improvement,
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APPENDIX D-1

Capacitive Transducer Calculations

The following calculations are given as a record of calculations which
were necessary in the design of the previously descrihed capacitance device:

After an evaluation of various loads to the capacitance transducer, an
equivalent load, Ry, was computed to be 90, 393 ohms.

further the capacitance of the device as shown in Figure 2 is,

C =(.001963) (¢) (RZ - r2) (1)
d

where C = the capacitance in pico farad
-6 = the angular displacement of the rotor over the stator in degrees
d = the separation of the rotor and stator in inches

and R and r are length in inches, as shown by the figure,

Cut-out Portion

Useable Plate

Equation 1 is derived from the familiar expresrion,

C=.724 (A) (2)
d

where . 224 is the dielectric constant,
A = the area oi one plzte in inch?
d = the separation in irches
and C = the capacitance in Jarad
Maximm'm sensitivity was detired. Thus,

K =1,:2Ks= R + RL Equation 12 (3)

2RIC) (R 1 2R[)

)
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whiere K = 1. 75%
or C: = R =+ RI. (4)
2Rf IR < 2R1 } (%)

~here Rj, = 20 395 okms
f - t megacycle, as chosen
K = 1.755

.nd Cl and R ~re unkncwns

By trial and error solution hetween equations 1 ard 4, it was found that
when R = 5, 0098 ckhms, a practicle capacitance size resulied.

so, C; - . (50CC + 906. 293) ohms
< {5066 ohms) (} megacycle/second) (1. 755) (185, 786 ohms)

C} =5, = 29.26711 pf (5)
(Cl = C, since a differential capacitance was used.)

Then from equation 1, letting d = . 0zZ inches to minimize fringe capacitance
effect, 4 = 20°, since the capacitor is half covered (10°} at rest and was designed
for a tank swing of 109, and r was set equal to 1 inch for practicality nurposes,

C = (.001963) (20°) (RZ -1) (6)
. 025 inches
R% -1 = 29.26711  inches?
1.5704

R? = 19. 636721 inches?
R = 4.4313 inches {7)
Thue, the design of the transducer for the dictated conditions was complete.

To complete the calculations and ascertain the output vostage of the device at differeat
angular displacements, the following equations were solved.

o7 EIn (R + 2R[) RE(Cy - C, - Ce"Kl 4 ¢, e -Ky (8)
(R + Rp)2
Equation 8

@ .1° displacement, C, : 10, 1° and C, : 9. 9% and deleting units

Cy = (.001963) (10, 1) (18, 63672) = 14, 7799 pf (9)
025
Similarly.Cp = 14, 4871 pf (10)

Trken C} - C2 = .2928 pf and since

1. B=1.e-1.7552 8262 ’
262 :



I, = Egy (10.20821 x 10%) (C; - Cy) 11-e7K)

Since F.H“. - 6.7% volts,

I, = 16.6895 x 10 ¢ amps
Then R; < (16..895 x 10'3) (20,393) volt ;>hms
IOR:L = .ul525 volts
Similarly at 16° displacement,
IgR, = 1.5061 voits
The non-linearity which results from the v+xponential terms may be
obgerved in equations 12 and 13. By calculation, the maximum linearity

deviation is, 100% - 1.5061 = 1.24%.
1.5259
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APPENDIX E

ELECTRONIC CONCEPTS AND THEORY
EMPLOYED IN BASIC ANALOG COMPUTATION
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PURPOSF.

The purpose of this paper is to prcvide the reader with sufficient infor-
mation, concerning the analog compute:, tha* he would be able to set up and
solve prohlems with = degree of confide nce in understanding the operation and
capabilities of the device. This paper xiil not endeavor to tell the reader how
to "patch" a computer. The mechanics of patching or wiring a comiputer,
although differing from one to another, is straightforward and .nwy be best
illustrated by an instructor aftar. this paper has been studied.

DESCRIPTION & USE

The analog cormputer is a simulator. It is not an equation solving machine,
whereby numbers are inserted in an equation and the answer is read. Rather,
equations are simnlated by an analogous electrical circuit, whereia the operator
is required to wire or patch the computer ir order that the equations may be
simulated by the circuits.

Here is where the importance of the analog computer appears.

After the circuit is wired, the engineer now has a mathematical model for
original equations. These equations may be concerned with chemistry, mechan-
ical or electrical system, in short, any system which may be described by
differential or algebraic equations. Thus, *h> ¢ ‘my ater is simulating the real
system. The primary value of the computer - realized by simula—fm—_é and
evaluating a system before the system is built. :

COMPUTER FUNCTIONS AND COMPUTATIONAL COMPONENTS
The basis of the analog computer is the operational amplifier. This amplifier
is capable of summing, multiplying by a constant, muvltiplying twc variables,
integration with respect to time, and generation of functions either of dependent or
independent variables. In order that the reader may theroughly understand how
the computer operates, and understand what he is doing when he is patching a
problem, the following explanations are given.

OPERATIONAL AMPLIFIER

The opesational amplifier is a closed loop (current feed-back) electronic
amplifier (tube or solid-state) with u.c following characteristics:

1. Very high open-loop gain (107 - 108) ia D.C, operation
2. High input impedance {Negligible input current drain)
3. Linear ove: operating range,

t. .80° phase inversion of output versus input signal,
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; R¢
AAA A~ —
-
UN B - /\
e o
IIN In
Vin ] Vour
FIGURE 1

BASIC OPERATIONAL AMPLIFIER

From this figure, the current at node B is egual to the sum of the currents
entering the node. '

Ig-VIN-VR +Your - VE_ (1)

RIN Rg

But from characteristic (2), Ig = 9; and if Ig = 0, Vg = 0, or the node B is
essentially at ground potential.

Therefore Equation 1 reduces to:

YN - - YOUT
RiN Ry
or
VouT = - 2E Vin - (2)
Rin

This is the equation upon which the entire operation of the amplifier and
conseguently the computer is dependent, The use of this equaticn in solution of
problems and the simulation of equations will be evident in this paper.

ATTENUATORS

From equation 2, it is apparent that the output voltage of the amplifier may
be varied by changing the ratio of the feedback resistance te the amplifier input
res.stance (Rp/Ryy). However, in most computers the selection of Ry and Ryy
is limitea. Therefore, potentiometers are made available in order that the input
voltage to the amplifier may L attenuated. This may be illustrated by the following
example: '
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The amplifi»r illustrated in Figure 2 has a gain cf 10.

[__VOUT = Gain |

Vin
: : ' Your -_Rg - . 100K . g
190K
10V 10K -100V
—_—
FIGURE 2 .

SIMPLIFIED OPERATIONAL /MPLIFIER

Thus, with an inpui of 10V to the amplifier the output voltage equals - 100V

The amplitude of this voltage, in the cas: of most solid state computers, is toc
So "scaling down'' or attenuation ¢ the input voltage must be performed

}'1igh.
througn a pocentiometer. For this example, the attenuation cf the input signal
wili be sufficient that the output voltage will equal 5 volts, as shown in Figure 3,

100K

10V

2

FIGURE 3
ATTENUATION OPERATION

From this circuit, the voltage at point Vp must equal .5 volts, since the gain
The potentiometer circuit is illustrated in Figure 4,

of the amplifier is 10,
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10V

FIGURE 4
POTENTIOMETER VOLTAGE REDUCTION

If the current flowing through the slider to Vp is neglected, I= VIN , where
R is the entire resistance of the potentiometer. Also V = KIR, wheré® K is the
ratio of the resistance from the slider to ground to the total resistance. Taus,
K is always less than unity and for analog computzr potentiometers, greater than
zero. Substituting I = ‘_’ﬁm into the equation for Vp yields

Vp = KV (3)

IN

It should be noted frcm the last two figures that the input voltage is referenced
to ground. Since all incoming signals are referenced to ground, the ground wire
will not be shown in future figures as it was in Figure 1.

From the last exar:.le, K, or the pot (potentiometer) setting is K = .5/10 = , 05.
This setting is not exact, since the current flowing through the slider is neglected,
hut a ""ball-park'' setting is achieved.

INVERTERS
The cperational amplifier, by its own design, is an inverter. From equation 2,
the output voltage always has an opposite polarity to the input voltage. Hence, when
a sign inversion is desired it is only necessary to make Ry = Ry and a gain of -1
is obtained through the amplifer,

SUMMING

When working with analog computers, tany times it is desirable to add or sum
several inputs. This manipuiaiion is explainer by the following figure and equations:
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YN e AMAA-

FIGURE 5 -
SUMMATION FUNCTION

Summing the currents flowing into Node B:

+¥2 .V3 VN Yo -0 (4)
Rz R3 R’N 100K

=t

Nots that there is no current flowing from Node B into the amplifier, This is
iie to the high input impedance of the amplifier, as previously mentivned.

Simplifying cquation 4 in terms of the output voltage Vg yields

Vo = - (100K) [%+%+%}3+----------+R‘£§ ()

Thus, the amplifier is capable of summing any number of inputs as may be seen
from the latter equation,

INTEGRATION

If the feedback resistor (R = 100K) in Figure 2 is replaced by a capacitor, the
circuit shown in Figure 6 evolves.

-0

ViN ABA VouT
N f

FIGURE 6
INTEGRATION FUNCTION
¢
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Again, since the point B is at virtzal ground,

Intip =
then since
ViN + cDBVouT -o Ip=cDV
R DT DT
VouT =-4 Vin DT - (6)
) ou RC f :
where -
Gain =1 __ (7
RC -

From eguation 6, it may be seen that this ‘circuit functions as an integrator,
where the jain of the integrating amphfler is controlled by the choice of R
and C, as Lllustrated in equation 1.

If we assume values of R = 100K ohms and C = 10 pfd or 10 x 1076 farad,
it may be readily seen that the gain of the integrator is equal to unity.

From equation 6, it may be seen that integration is performed as a
function cf time, Since the only independent variable is time, all dc..endent
variables must be changed to a function of time. Consider the circuit as shown
in Figure 7.

C

. I

i R

— i
R

2 2 v o
Vv, === e ouUT

I; R f
V3 S AAAA—

FIGURE 7

INTEGRATION OF SUMMATION
Summing the currents into point B,

II+IZ+I3&IF=
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Substituting,

H
o

L+¥e + Y3 4 cDVour

%] R, - Rj DT

-DVOUT V DT VZD.L + V39T
RIC R,C  R;C

v - Y2 + V3 -7
ouT * [RC < Ric ]
1 2 3

(8)

From this equation, s<veral inputs may be summed and integrated, thus
using the amplifier in a dual role.

At this point, the reade: may anticipate substitution of a capacitor
(or capacitors) in the input circuit and a resistor in the feedback circuit of

the amplifier in order that the reverse of integration »r differentiation may be

performed. This process is not usually performed, .ince the differentiator
In other words, the differentiator circuit
1s capable of passing and differentiating noise and thus, yields an invalid solution.

is essentially a high pass fiiter.

On the other hand, the integrator is esseniially a low pass filter, capable

of filtering noise and unwanted signals, thus lending itself nicely to arslog

computer solutions.

MULTIPLICATiON

From tae previous sections, it is obvious that multiplication of a quantity

or voltage by ¢

and the selection of potentiometer settings.

The analog computer is also capable of muluplication of time varying

-onstant may be performed by utilizing the gain of the amplifiers

voltages. This is accomplished through a non-linear circuit by a method known

as quarter sqrare multiplication,

is:

The circuitry for tl.e manipulation of this equaticn is a gated-resistor app! ication,
The circuitry shown in Figure 8 iliustrates the quarter square multiplier, which

XY =1/4 L (X+Y7)2-(x-1%]

contains four diode/resistor cards.
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FIGURE 8

SIMPLIFIED QUARTER SQUARE MULTIPLIZR

From the figure, each diode is reverse-biased to »utoff at a potential

determined by R3 - R4, R7 - R8, Rii - R12, and R1E .

R16,

For any dicode

to begin conaucting, the applied voltages, through the resistance legs R1 - RZ,
R5 - Rn, R9 - Ri0, and/or R13 - K14 must exceed the cutof{ voltage of the
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diode (s}, or the diode breakpoint. By proper selection of the resistors
shown in Figure 8, the diodes will conduct at pre-determined values of X
and Y thus controlling the output of the amplifier by the quantity of the
input voltage.

It may be seen that a sign inversion iakes place in this circuit and the
resultant p-oduct is scaled down by a factor of 10. Therefore,

X(Y) = -XY/ 10 (10}

Since the multiplier circuitry has +X, +Y, -X, -¥, inputs, multiplication in
all four quadrants may be performed readily. Also by proper selection of
the polarity in patching the multiplier, the sign inversion can be nullified,
simply by placing +X on the -X input or +* on the -Y input, or vice vzrsa.

It chouid be noted that all four inputs (+X, -X, +Y. and -Y) are u :d
in performing multiplication, even though no sign change is experienced
during the operation of multiplication.

The_identity for the quarter squar= multiplier was stated to be
XY=1/4L(X+Y)% - (X-Y)2 ﬁ In order that the correlation of this
equation to the multiplication circuitry may be shown, Figure & s further
simplified to Figure 9 as,

L. ev?
L L™=
£ X - >
+A +Y___t -~ Card 0
Q
| —AARA
1"
+B +X i) = 00— -
+Y + Card ‘ /\J
S
I \ Vour.
- X . .
B -~ - Cavd ig=0 4 B \
X T gy X ¢
-A +Y | + Card [ ——2066"
FIGURE 9

MULTIPLICATION FUNCTION



It wall be assumed that inputs have been placed on the +A and -A cards.
(The +B ard -B cards are wired internally to the +A and -A cards, but will
not yiell a current, due to the assumption of the polarity of the ingfut signals
in reference to the card diodes,} It will also be assumed that the resultant
current from each driven card is directly proportional to the sum of the
inputs squared and inversely proportional tc the resultant val:e of resistance
in each card or 200K ohms.

From Figure 9, the summation of currents entering poin* B is,

O A A A (11
(X + ¥)2_ (Y - X)2, VouT - o (12)
200 200 5

X%+ Y2+ 2XY - Y2 - X2+ 2XY . _ Vour

200 5
5(4XY) - _ vy
200 ouT
VouT = - XY/10 (13)

This equaticn substantiates the juartier square multiplication, the inversion
~f eign, and the scale reduction by a factor of 10.

One precaution must be observed when using the quarter square multiplier.
The circuitry must never be fed from a potentiometer, If the circuitry was fed
from a potentiometer, an unbalance or change to the resultant card resistances
would occur due to the potentiometer resistance, thus, upsetiing the circuitry
and causing erroneous multiplications,

DIVISION

From the last section of the report, it was seen how the input to an amplifier
was controlled by 2 diode/resistor circuit and the process of multiplication was
performed. The reverse of multiplication (division) can be performed by placing
this sarne diode/resistor configuration in the feedback loop of an operational
amplifier. The division circuitry is shown in .. simplified form in Figure 10,



+10u/X

A\ 100K +Y
'\/

+X O+XIN
| -Card |+Y

+X

+Card ! -Y

-X

¢—— -Card |-Y

~X _X
+Card [7Y IN
+U A o+Y
B
\// 0 -10u/X
FIGURE 10

SIMPLIFIED DIVISION CIRCUITRY

Recalling the gain equation for the analog computer's operational amplifier
is

the division process may be showa in 2 systern fashion based upon the proof of
the quarter square multipl.er operation. First the quarter square multiplier
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circuit 1s shown in a block diagram in Figure 11

MULTIPLIER R
CIRCUIT
X /\
VIN Vour
Y iN——f \ )
/
FIGURE 11

MULTIPLICATION DIAGRAM

Now, Figure 10 is further simplified to Figure (2.

MULTIPLIER XN
CIRCUIT [
R, /\
VN U ———ARRA \,,/\ Vour
FIGURE 12

SIMPLIFIED DIVISION DIAGRAM

Note that amplifier B, has been omitted in Figure 12, to enable the reader
to clearly envision that Figure 12 is the inverse of Figure 11, This may be
further shown from the equations,

Voout = Vin %F_ (Multiplier, Figure 11) (14)
M
Vour = Vin %.? {Divider, Figure 12) (15)

Thus, R),/Rp is the inverse of Rp/R), proviag in a system mar ier the
ooeration of the division circuitry,

Three ruies must be followed in using the division circuitry, as shown
in Figure 12, to climinate saturation of amglifier A.
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{1) The livisior X > ViN. Therefore Voyr <ViN.
(2) X#0

(3) X must be positive. If X is negative, the +X and -X connections must
be interchanged.

SQUARING A VARIABLE THAT DOES NOT CHANGE SIGN

The guarter square muitiplier circuit may be used to perform the operation
of scaaring, when the variable to be squared does not change sign. Referring
back to Figure 11, if both the X and Y inputs were chenged to a single input, X,
then the reader may readily understz2.ad that X multiplied by X is equal to x2,
Figure i3 is a simplified version of the squaring circuitry.

R¢
VA

. TN .

IN - ou

T = - (X)8/10

MULTIPLIER CIRCUIT

>

FIGURE 13
SQUARING FUNCTION

As was the case of straight multiplication, an inversion of tire sign occurs
and the resultant preduct or square is scaled down by a factor of 1(.

Figure 14 illustrates the snuaring circuit in more detail.

I~ 7R1T - "TMINUSSQUARING CARD

X LA |

And A YWV R3  CRY

+Y !

o R = 5000

(. — VA~
r
]
| s! -x2/10
| "
l
-
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— =~ = 7 MINUS SQUARING CARD
i
—\/‘I@;’\, 11 CR3 5000

R10 ] 1
%RIZ

-X O~—ae—

-Y o—

s -¥2/10

'——..___lr-l-——-‘

FIGURE 14
SIMPLIFIED SQUARING CIRCUIT

Note from the figure that two operations of syuaring may be performed
from four cards.

To further illustrate the squaring operatic, assume that a + X input is
placed on the multiplier +X input. Figure i4 reduces to Figure 15 as,

R, = 5K a
AN
R
+X AWAA— e
R3 S -X%/10
— —O—4 —
R2
R4
.10V
FIGURE 15

REDUCED SQUARING CIRCUIT

Note that a short has been placed across the +X and the +Y input in Figure 14,
this short is used in coupling one variable to both the X and Y inputs. (This
shorting is done in external computer patching.) Only one card is used for the
syuaring of the positive quantity X, since the diode CRZ will not pass a curtent
with a positive polarity measured from the +X input to S’ . Therefore, a
summatior. of the currents entering S’ is, from Equation 12,

L—‘BOX)Z = - VOUT/S (16)
2
Voyr = =2 4XD) = .x2/10 = X} X1 /10 (17)
200
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proving the operation of the squaring or X X capability of this circuit,

fhe squaring circuit cannot be patched to nullify the sign inversion, since
each input (+X and +Y or -X and -Y) is redundant, with only a reversal of the
diodes. This enables patching either +X or -X to the +X input and receiving the
same absolute value for the square of either input,

SQUARE ROCT

The gunarter square multiplier circuit may also be used to obtain the square
root, Figure 12 must be modified to perfcrm this operation to,

MULTIPLIER
CIRCUIT

L, - ouT

FIGURE 16
SQUARE ROOT EXTRACTION

In this configuration, the multiplier circuitry is connected in exactly the
same manner as squaring, except the multiplier is placed in the amplifier feedback
loop and the feedback resistance, Rp, is placed in the amplifier input circuitry.
Thus, the following equations closely res¢’ .le Equations 16 and 17,

Summing the currents into the amplifier,

(v +vour? .U ., (18)
200 Rp

Vour = /10U (19)
If the input VIN had been +U,
Vouyr = - /100 (20)
These equations show the operation of square rooting, and the close
electrical correlation to squaring. Sincc the multiplier circuit in patching

and operation is not changed, a more detailed schematic of the square rooter
will not be shown,
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The square root circuitry, like the square circuitry, is redundant, so that
the input sign is always the opposite of the output sign. Like the square operation,
each multiplier unit is capble of handling two differcnt square root extractions
simultaneously, since only two cards are needed for each operation, and four
cards are available 1n each multiplier unit.

OTHER NON-LINEAR COMPUTER CIRCUITS

The analog computer may be equipped with other diode function generators.
These diode [unction generators are all similiar to the quarter square multiplier;
in that, diode gates are reverse biased so that the input voltage must be a discrete
level before the diodes will begin conduction. This conduction causes the feedback

impedance to input impedance ratio of the operational amplifier to change, varying
the gain of the amplifier.

Three of the available fixed function type generators are:

(1) x%
(2) Log X
(3) 1/2 Log X

A variable function type generator is also available. This generator uti.izes

the same ZF/Z;py relationship of the fixed function generator to approximate a
curve with straight line-segments. The variable diode function generator nrovides
a means, with a single quantity possibly obtained from experimental data, of
generating variables which are a function of this data,

COMPJTER SCHEMATICS AND SYMBOLS

Computer diagrams are used in patching the analog computer. These
computer diagrams use computer ''symbols' which are abbreviated forms
of the previously illustrated schematics, The computer diagrams and symbols
are a history or an explanation of the patching for a particular problem. The
engineer should never attempt to solve a probiem on the analog computer without
first making a diagram of the problem. For this reason, the following symbols
are explained -

PPN
Voot

[

[RU—

prews 4
[Py

P,
[—

(et

*



v A L0OK

v 10 {> =10V

10K

v LLOOK v/10

10

# KV

K

(FoN\__ KV

-/

*0] indicates. Potentiometer Number
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Inverter
Schematic

Inverter
Symbol

*00 indicates Amplifier Number

Multiplication
by -10
Schematic

Multiplication
by ~10
Symbol

Multiplication
by -1/10
Schematic

Multiplication
by ~1/10
Symbol

Grounded
Potentiometer
Schematic

K = Potentiometer Setting

(Grounded Potentiometer
Symbol

P T



‘ Vo + K(Vy -V
‘4- - 2t KV, -Vp)

VZ— Lo
V1 HI
v, LO
100K -
\'4
% K 00K | ( ; | -KV
v _ﬁl\ M I\OZ\w
l/
"
100K
v, 100K
A
vV, 100K :
e e AAVNA e e
‘14 10K A
) PR ¥
V2 —l
V3o 1} 00
Vg
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Ungrounded
Potenciometer
Schemuciic

Ungrounded
Potentiometer
Symbol

Muluplication
by =K
Schematic

Multiplication
ny -K
Symbel

Sur.ir:azion
Sche atic

(V3 +Vy+ Vot 1V g)

‘ummation
Symbol

S(Vi+ V21 V3 +10V4)



100K
( NW ‘1‘( )
Vo, -V f
100K \ T Subtraction i
Schematic )
i
~
100K 100K
VZ — VYW, 00
‘\'1 R s, _—_L\ . . bl l i ":,
01 Ve -Vi .
' Subtraction.
Y. 1 00 Symbel
®
+Vo 50K 50K.
—MWY —NN—— i
_lutegration
. with initial
}0_ mifd - condition, Vo
} Schematic. )
I B
V) AAAA - 3 ‘
/01\ -Ef V] + 10Vy) dt + Vo :] ’

Integration
with initial

R +Vo
) . condition, Vo
Vi 1 Symbol .
V2 ; 0] |- : )
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+Y

+X

©

+X
} Minus
— +OOIE ‘i"“"‘? +Y! Card
[——"V‘. l 5K
i /\\ +X
100K I ~ Plus 1
W_f_.,l cora [T
H -XY/10
: I 1 Minus
I Card
100K 01 1
} Maltiplication
I' Plus Schematic
i1l4 Card
Inputs & Inverted Inpuis | ar
+ i oo :
| -X
+X
T
*13
X "I {B -XY/10
I X
| -Y
+Y oL l?__‘_ *
| #13 indicates the Multi, lication
Inputs & Invertel Inputs I Muitiplier .umber Symbol
*Note: The output amplifier is drawn as Q} not as .
The symbol c> denotes a high gain anfpiifier without a feedback loop.
The feedback 1&p must be furnished, and in the abeve case, is furnished in

the multiplier circuitry. The symbol Jdenotes an operationa:
amplifier with a fixed gain, which as previously illustrated, is shown at the
input of the amplifier.

236

—,



@ ! 160K

100K
—"N LW\ . Wl\/-' —
100K [ : T ] 100K
+X . ;00 ' 02 | A
e B F—A\Wro
| i :
Divisor N ! i
& Inverted Divisob
- 1 +X
- Minus : - !
, Card +Y
s
T
\ Plus }X !
Card |-Y Division
- ' Schematic
—————
Minus {-X J
Y
Card :1 ~ __'__V_JL_______O <Y = +10U/X
Plus  |-X
- —{card J3Y e
]
|
i
I,\ ‘
‘:l ,' Y = «
i —vaV\r——B*ﬁ 1 S - - o *F lXQE
1 OB—___
- .
-X +Y N
+X X '_B_ 0l . -10U/X
i
13 .
U +U 5] -Y _ Division
—IFY

l Symbol

1\_ l +10U/X
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X Minus Sk
I——‘ Card ’_-l (—-’V\/V"“
/\ ~ It
4 Plus 00 sty
Card ;'0 1
Squaring
X|X| &
- Y 1Y]
! Schematics
) Minus N
Cord 5
- Plus r vly
Card 110 l
| +{J

+X +X 13 o .

L?_ZI__ Xl

Squaring
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Symbols

N T 01 +Y |y
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CONCLUSIONS

This paper has endeavored to illustrate some of the electronic principles
involved in analog computation. The paper has been ""written around' the
1'ACKE 1R-48 computer employed by the Mass Metrology Laboratory. It is
true that some of the techniques uscd in computation may differ from computer
to coinputei; however, the major amount of techniques a.id components are
functionally identical, In order that the reader may prepare himself for
using an analog computer, it is recommended that he (1) familiarize himself
with available operation manuals and (2) become familiar with the coruputer by
practicing patching, scaling, and investigation of problem parameters by the
solution of example problems.

290





